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KA Preface
BN ~tetace

The primary purpose of this research was to investigate possible

N means of improving imaging of breast cancers by transillumination using

g;: near infrared radiation. The need for such a detection scheme was clear

.és considering the possible carcenogenic properties of x-ray mammography

3§ which is the standard modality for breast cancer detection today.

:ﬁg Lack of experimental data related to optical parameters of breast

-j{‘ tissue set limits on the degree of applicability of the methods

:g) presented. Nevertheless, the model of light propagation in the breast

Eg: employed in the study yielded results for transmittance which are in

fw‘ agreement with actual breast transillumination to a remarkable degree

tg% considering the paucity of quantitative data available.

E;i The encouraging results obtained with time gating and spatial

;ﬁ. 63; filtering (described in Chapter III) of light propagating through a

E}n dilute blood medium should be followed up by applying the same method to

%s' breast transillumination.
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Abstract

This investigation is a theoretical analysis of the propagation of
near infrared light through human breast tissue with a view to
improving imaging of breast cancers by transillumination. The analysis
employed multiple scattering and radiation transport theory.

Calculation showed that breast tissue is optically thick and does
not allow for imaging details of tumors which may be imbedded in the
tissue. An example calculation carried out on the method of phase
retrieval demonstrated that the error in the estimate of the Fourier
modulus is, for normal breast tissue, nearly 100 percent and that,
therefore, the phase of an object (tumor) cannot be retrieved by this
method.

A Monte Carlo simulation employing time gating and spatial filtering
(TGSF) was presented showing that, in some cases, an improvement in
image contrast of 77 percent is theoretically possible when
transilluminating a dilute blood medium containing a blood vessel. A
calculation of total transmittance obtained by Monte Carlo simulation on
one hand and by multiple scattering and radiation transport theory on
the other, indicated an essential agreement of the results for tissue
thicknesses less than 60mm.

A method of tying the results of Monte Carlo simulation to those of
multiple scattering and radiation transport is presented. An effective
optical thickness reduced by TGSF is defined and a method is described
to determine if the reduced effective thickness allows for reasonable

images to be obtained.

-viii-
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O @ THEORETICAL ANALYSIS OF CANCER DETECTION
IN THE HUMAN BREAST BY TRANSILLUMINATION

,jg I. Transillumination

&

ﬁi Introduction

&g Concern over the limitations and risks (6) associated with

[K)

§§< x-radiation in the imaging and diagnosis of human breast cancer is

-, motivating researchers to seek other, safer methods of detecting breast

;{ lesions. One such method, transillumination, is a technique of imaging
iﬁ structures of human tissue by propagating light through them (See Figure
= 1). The technique has gone by different names depending on light sources
:&; and methods of light detection used. The term transillumination

ég. ’ initially served to name a procedure which used white light as a source
;?: <g;l and where observation of the illuminated tissue was made by the unaided
235 eye. In cases where white light sources are used, but detection is

%? performed via infrared photography, the transillumination procedure has
Jg, been called diaphanography (23:123). The term diaphanography will not,
:k? however, be used in this paper as the more advanced transillumination
jé‘ methods employ infrared illumination (by filtering white light) and

‘ infrared video camera detection, amplification, and video display

éé: schemes. In these cases, transillumination is referred to as light

¥ scanning or infrared light scanning (5:409). The reader will note that
(g& the term transillumination can be used at times, in its generic sense,
ég? to refer to any of the optical imaging techniques mentioned above.

Z§Q Structures within the human breast have varying optical properties
Y.

, Q§§h such that, when the structures are transilluminated, variations result
L) R

w! in the distribution of light intensity and color in their images.
[}
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n Figure 1. (a): Carcinoma imaged by transillumination (23:127).
[ (b): Same carcinoma imaged by x-ray mammography (23:127).
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Researchers have found that breast cancers may be identified by the

;gs& shadows they cast, and benign lesions by the areas of increased
brightness they create in the image (39:14). However, the
transillumination technique has, to date, demonstrated only sufficient
effectiveness to perform as an augmentation to traditional mammography
and has not reached a level of development whereby it could be
considered as an alternative to mammography as the primary imaging tool
in the diagnosis of breast cancer.

The following section of Chapter I is a review of the current
literature relevant to transillumination as an aid in the diagnosis of
diseased breast tissue. The references cited were collected by means of
a computerized literature search using the medical library of DIALOG
software. The reader will find that, save for the article by Watmough
(which is the last presented here), the review is organized

‘iﬁ‘ chronologically, showing the improvements made, and as a consequence,
the problems which have confronted and continue to define the limits of
the applicability of transillumination.

Background

The first diagnostic use of transillumination of the breast was made
by Culter in 1929 (9). He employed visible wavelengths of white light
and reported some success in identifying tissue variations. However, it
was recognized early on that "it was not possible to differentiate

shadows of benign from malignant lesions, and that light diffusion from

aﬂ the available probe often prevented smaller lesions from being seen'
:.E:: (23:123).

?gg Lafreniere, et al. reported that, in spite of initial support for
fé: daga the new transillumination technique, the procedure fell into disrepute,
i probably due to inadequacy of the available equipment (23:123). Over
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the years a number of improvements were made to both the equipment and
technique. Among these improvements were (1) illumination with longer
wavelength, narrower spectrum sources which increased tissue

penetration and reduced scattering, (2) the introduction of infrared
photography, and (3) the use of fiber optic bundles to create a cold
light source to convey the light energy to the tissue (this overcame an
early problem with heat generated by the light source). Despite these
improvements, reports indicated the technique was cumbersome and did not
add significantly to the conventional physical examination and mammogram
(18).

Better results were obtained by Morton (25) who, in 1981, reported
using a red and infrared light source to illuminate the tissue. In
addition, he introduced an infrared video camera and displayed its
images on a black and white video monitor. This allowed for
amplification of the image and thereby reduced the intensity requirement
of the source. As a result of Morton's improvements, internal
structures which had previously been unrecognizable to the unaided eye
could be viewed and identified on the video monitor (26).

Morton's technique had been based on Cartwright's (7) observation
made in 1930 that greater transmission through human tissue was possible
with infrared illumination. The work of Anderson and Parrish (2:17)
supports Cartwright's findings showing that transmittance of light
through human skin is decreased in the shorter wavelength spectrum and
increases in the near infrared.

In 1983, Bartrum and Crow (5:409) reported that transillumination
light scanning can yield clinical results comparable to mammography if
the personnel who are interpreting light scan images are trained and

have some knowledge of other clinical data related to the patient. When
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the light scan interpreter is blind to other relevant clinical data, a
diagnosis based on the light scan is generally poorer than that obtained
from mammography. In their report, Bartrum and Crow cite conditions
they feel must be met to obtain optimal results from light scanning.
First, diffuse incident light is required since breast tissue is a
highly scattering medium. When focused light is used the light scan
becomes more difficult to interpret. Second, the optical absorption
differences between cancerous and adjacent tissue can be blurred if the
transilluminating light is too intense. Third, vigorous physical
compression of the breast is necessary since the farther a lesion is
located from the skin surface, the weaker is the shadow cast by the
lesion. Bartrum and Crow found that the "shadow from a 1-cm-diameter
lesion (in a breast phantom) begins to fade rapidly when the lesion is
more than 15mm from the skin surface; at 25mm, the shadow is obscured"
(5:413). For this reason a breast lesion may be invisible if "it is not
compressed to within 2cm of a skin surface'" (5:413). Fourth, because a
lesion may become undetectable a short distance beneath the tissue
surface, light scanning from multiple angles is required to ensure
maximum possible coverage of the tissue. Fifth, and lastly, since
carcinomas absorb light differentially in narrow spectra, a narrow
spectrum of illuminating light should be used as a source (this could be
accomplished by filtering a white light source). Bartrum and Crow go on
to say ". . .we performed in vivo spectral analysis of 11 carcinomas. . .
which showed preferential tumor absorption in two relatively narrow
wavelenght bands, one in the far visible red spectrum and another in the
infrared spectrum" (5:413). In 1986, Lafreniere et al. (23) reported
the results of a clinical evaluation of transillumination and infrared

light scanning as compared with conventional physical examination and

RN xx»mmmmmmm



&5 mammography. The test involved 600 patients with 79 biopsies performed

ﬁxﬁ Q§§b revealing 26 carcinomas (23:124). These researchers reported that
LGt ’

i examination, conventional mammography; simple transillumination, %
o I.L.S. (infrared light scanning), and simple transillumination

S combined with I.L.S. respectively showed a true positive

ﬁq interpretation in 21, 22, 19, 25, and 25 of 26 breast lesions

'gﬁ histologically positive for malignancy (sensitivity 81%, 85%, 73%,

o 96%, 96%) (19:124).

ﬁ; These results indicate that infrared light scanning missed only one

o,

.&g' of 26 carcinomas verified histologically. In this case, the

1.\'0

e interpreters of the images of mammography, transillumination, or

v infrared light scanning techniques were trained in each technique but |
o".

ﬁj: had no knowledge of other clinical data relating to the patients.

5:,:!
o An explanation of the physical mechanism responsible for the

&

:; appearance of the images produced by transillumination and infrared

L)

I

:&. light scanning was given by Watmough in 1982 (39:14). Watmough had set

.E':

i <§gh out to measure the transmission coefficient of sections of tissue |
ﬁﬁ removed from the female breast during surgical operation. He had

Ok

¢

Eﬁ’ expected to find that "different lesions would transmit light to the

,l"

4% extent dependent on the type of disease process' (39:11). Instead, he

a& found that despite large variations (size and shape) in tissue samples

oy

e}J taken, there was no clear distinction between transmission i
,‘l' !
0 ;
:;: characteristics of malignant tumors and benign lesions. Watmough argued |

i

j}; that since the variations in light transmission were not caused by the |
-7'0‘_

b diseased tissues themselves, transillumination and light scanning

'.‘i g

Sy were simply not imaging the diseased tissues. He reports, ". . .the
'ﬁé spectro-photometric traces in every case demonstrated the absorption
.Qﬂ bands of oxyhaemoglobin [oxygenated hemoglobin] . . ." (39:11). From

i
4“1 these findings, Watmough postulated that the transillumination procedure
;Z:;: % actually measured the number density of red cells in the illuminated

o tissue. To determine the accuracy of his hypothesis, Watmough




aa a

transilluminated (with a xenon flash tube) samples of whole blood at
varying degrees of dilution and exposed infrared color film to the light
scan images of the breast. A spectral analysis of samples of diluted
blood was then carried out; the results showing that the samples ceased
to transmit light at frequencies (colors) related to the color of whole
blood in a sample. For samples with higher blood densities the
frequency cut-offs occurred in the longer wavelength regions (red and
orange). The more diluted samples showed frequency cut-offs toward the

". . .These experiments

blue end of the spectrum. Watmough writes,
provide excellent confirmation of how red cell densities in effect
provide a range of colour filters. . . .'"(39:13).

Breast Anatomy

The Normal Breast.

The description given here of the anatomy and histology of the human
breast is taken from Egan (12:17-24). The structure of the normal
breast will be presented first to be followed by the formulation of an
optical model of the breast.

The breast is located between the superficial and deep layers of the

superficial fascia (see Figure 2). The superficial layer of fascia,

seperated from the skin by 0.5 to 2.5 cm of subcutaneous fat and areolar

tissue (the areola is the region of darker skin surrounding the nipple),

forms an irregular boundary for the surface of the glandular tissue.
Projections of collagenous fiberous tissue extend from the fascia and
surround lobules of fat. These masses of collagen fibers (low in water
content) form suspensory ligaments called Cooper's ligaments (12:17).
Younger women tend to have breast tissue which is primarily fibrous with
comparatively small amounts of fat (28). This fact is of particular

importance since transillumination is targeted at younger persons below
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Figure 2. The Normal Breast (12:18). An artist's conception of the
various anatomic structures of the breast.




the age of 50 (see Table I). This means that, for the purposes of

S transillumination, the breast may be considered primarily fibrous. When
X fat lobules occur they do so with dimensions on the order of

K centimeters (8:43-48).

K Within the breast are fifteen to twenty irregular lobes, converging
; to the nipple. Each lobe is drained by its own lactiferous duct, and is
s provided with an excretory duct, 2 to 4.5 mm in diameter (12:17). These
: lobes are macroscopic in size and are, therefore, many times larger than

i the collagen fibers which have dimensions on the order of a hundred

-

nanometers.

P
- 4

The anatomic structures of the breast are, for purposes of
classification, divided between functional structures called the

parenchyma, and supporting structures called the stroma (see Figure 3).

e e PN

Because the parenchyma (such as the lactiferous ducts and lobes) tend to
4 ﬁ be very large compared to wavelength of radiation in transillumination,
they cannot be considered to contribute greatly to light scattering-
also, in the non-lactating breast they are of low water content and,
Iy therefore, are not highly absorbing. For these reasons, the description

0 given here of the macroscopic structure of the breast concentrates on

N the fibrous tissue of the stroma. The stroma consists of dense, i

collagenous, intralobular connective tissue (see Figure 3), containing

'.‘:~ - -

the large blood vessels, nerves, lymphatics and varying amounts of

D -

adipose tissue. This connective tissue produces the poorly defined

septa between the lobules and lobes of the mammary gland (12:19).

> e -
> e e o Y

In the craniocaudad view (see Figure 4) the dense inner triangle of

tissue produces the varying degrees of diffuse opasity to x-rays.

N SR

2

Contrast (in x-ray mammography) in the image is dependent upon the

‘as

relative density of fatty and fibrous tissues. A reticular appearance

- o - -
- -
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TABLE 1
BREAST TYPES

Classification of breast types showing percent fibrous and fatty
tissues for various age groups.

FIBROUS FATTY

Age Group Number Percent Number Percent Total
21-25 13 100 - - 13
26-30 1 91.6 1 8.4 12
31-35 39 88.7 5 11.3 44
36-40 27 81.8 6 11.2 33
41-45 34 75.5 11 24,5 45
46-50 38 65.5 20 34.5 58

@ 51-55 54 55.1 4 44.9 98

56-60 35 37.2 59 62.8 9%
61-65 55 39.8 83 60.2 138
66-70 41 35.9 73 64.1 114
71-75 51 52.2 46 47.4 97

76-80 24 64.8 13 35.2 37
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Figure 3. Microscopic (Histologic) Structure of the Breast (12:19).
The microscopic appearance of the essential histologic elements of the
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e mammary gland. For reference, the lactiferous duct in the center of the
;{' ] drawing is around 2 to 4.5 mm in cross sectional size.
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o %’ Figure 4. Normal Craniocaudad View of the Breast (12:24). A
. thirty-one year old white female with mammogram done for routine
check-up.
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caused by the stroma or connective tissue framework is evident in x-ray
images; the connective tissue may be nearly homogeneous in the very
dense breast (12:22). Again, in transillumination, the fatty lobules
are not considered either highly scattering or absorbing (31).

To the extent that the breast is a light absorbing optical
medium, the absorption experienced is due, on a comparative basis,
almost entirely to the freely flowing plasma in veins and arteries.
Accurate values for the volumetric content of blood in the breast were
not available for this writing. The subject of the scattering and
absorption characteristics of whole blood (blood cells and plasma) will
be covered in greater detail in the theoretical model of breast to be
described below.

An Optical Model for the Human Breast.

Theoretical models of the breast where scattering is of relative
unimportance often consider the breast to be a medium made up of water
and fat (27). This approximation seems suited to irradiation of the
breast with x-rays where absorption plays the primary role in
attenuation. However, in the red and near infrared region of the
spectrum where transillumination occurs, both absorption ard scattering
play a role in determining transmission properties of the breast.

Absorption Properties of the Breast.

By far, the greatest amount of absorption in biological media is
found to occur in blood-borne pigments and blood plasma (2:17). In
tissues of low blood or water content relatively little absorption is
noted (21:695). Specific optical data on the breast which would allow
one to isolate transmission losses due to scattering from those due to
absorption are lacking. The optical characteristics of the dermis of

the skin are, however, in this research considered to have an especially
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o close affinity to the optical properties of the breast as the dermis has

ﬁg' qsg& a high content of collagenous fibers (these fibers account for 70

" percent of the dry weight of the dermis) (3:256). Anderson and Parrish
fé; state (2:17) with regard to Findlay's (16) optical measurements of pig
?&g dermis, '"'Summing Findlay's transmittance and remittance spectra gives
593 values close to 1.0 (100 percent) across the entire visible spectrum,
%&: indicating that very little visible light was actually absorbed."

.k;; Figure 5 shows spectral transmittance and remittance data (analagous to
- those of Findlay) for a 200 m thick section of human dermis

E%& in vitro. Figure 6 presents calculated values of the scattering

i&; coefficient S and the absorption coefficient K for human dermis in vitro.
by The coefficients S and K are calculated from the Kubelka-Munk theory of
fL£ radiation transfer (22:106-116) and should not be confused with the

k;: , scattering cross section (I; or the absorption cross section(j;

}, ‘j;L which will be used in Chapter II in the development of the analytic and
}§f transport theories of scattering. The Kubelka-Munk theory is not

ﬁ%{ employed in this research as it does not lend itself readily to

gg interpretations relating to actual physical parameters of individual

Ef particles. This should not be construed, however, to imply that the
?&2 Kubelka-Munk theory does not give valid quantitative results (22:106).
o The data in Figure 6 indicate that absorption is indeed low over
:§§ the visible spectrum and also in the near infrared region except at the
fﬁ prominent absorption bands of water. Figure 5 shows peak transmission
:?; occurs at about 1.23/({m where, again, there is little absorption.

ﬁ?? From the data presented, it is apparent that in the red and near
Eﬁg infrared portion of the spectrum, a medium with a high percentage of
’;.- ;ﬁtE collagenous fibers can be approximated as one having a low value of

Egz . absorptance. Moreover, due to the fact that fatty tissues are low in
57
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Figure 5 (2:17).

Spectral Transmittance and Remittance of a 200 m

Thick Section of Human Dermis. Data is given in percent remittance (R)

or transmittance (T).
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m Figure 6. (2:17). Diffuse Scattering (S) and Absorption (K)
o Coefficients for Human Dermis. Data is calculated from the Kubelka-Munk
oy theory of radiation transfer.

Pl ) -16—

o - S e PR T S L T T e R S R TR Y ) %] 3
5 ) v " - hS P . ] (SRRSO (IO t, (ALY
RSO Do D Sl s T 2, s e N o M R T M A NS K AR

) u.s‘v.l AP, WN.

LA LA (10



[ TV

'f‘% | water content (21:695), one may conclude that these tissues, too,

iﬁ:? ;&5& evidence relatively low absorption. It is not possible to determine the
;J% absolute absorptance of the fatty tissues at near }/m wavelengths (data
%EE in the literature seems to be concentrated in the microwave or

*5; ultraviolet region of the spectrum). Calculations to be done in Chapter
&é% III will show that total theoretical transmission based on a model

:v:::é? assuming low absorptance is not at great variance with transmission data
kﬁ% collected under actual transillumination. Consequently, the model of
,ssa breast tissue adopted in this research considers breast tissues to

ssgn exhibit low absorption of near infrared radiation except in areas where
Eﬁgr blood plasma is present.

$5¢' Light Scattering Properties of the Breast.

éﬁg In this section, the scattering properties of fatty tissues,

;{¥% e collagen fibers, and whole blood are described.

P (jiL However, before considering particular tissue types, it is

;*%é convenient to describe some qualitative aspects of scattering, in

xj general.

gz First, if the size of a particle is much smaller than a wavelength,
:: :‘é the scattering cross section O'S (a measure of the strength of

;5-* scattering) is inversely proportional to the fourth power of the

5: wavelength and directly proportional to the square of the volume of the
2 2 particle (19:13) (see Appendix A for a definition ofcg). This type of
§5Vf scattering is called Rayleigh scattering. It is generally isotropic
i;gf (equal in all directions) in its radiation pattern and comparatively
t;é weak due to the )CA dependence. As particle size increases and

N

becomes comparable to a wavelength, the scattering is much stronger

than in Rayleigh scattering and is forward directed (or in a dipole

o
@

.ﬁf pattern). When particle size greatly exceeds the wavelength, the
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scattering cross section is proportional to }52 and is stronger than

w

ATA
3§§b Rayleigh scattering but weaker than scattering from particles close to a

wavelength in size. In this case, the scattering is more forward
directed. This third classification of scattering will be referred to
as large particle scattering.

Parrish, in discussing the types of scattering (as described above)
which occur in skin stated, '". . .all these general types of scattering
occur, but quantitatively, scattering by structure with dimensions on
the order of optical wavelengths or somewhat larger must dominate over
Rayleigh scattering." (2:14).

For wavelengths around ¥m, Rayleigh scattering is not likely to
occur in fatty tissues which are comparitively homogeneous on a scale of
micrometers. This scattering would be due to fat molecules and be

proportional to ):A and to V2

where V is the volume of a molecule.

'ii% This scattering should, therefore, be weak. Further, since breast
tissue in younger persons tends to be more fibrous than fatty in nature,
the contribution to scattering on the part of fatty tissues can be
considered small in transillumination applications.

The situation is quite different, however, when the scattering
properties of collagen fibers are considered. With regard to the
transmission properties of these fibers in the dermis, Parrish writes:

"The data indicates that the Beer-Lambert relation is invalid for

dermis, and that transmittance is both higher and more forward
directed for longer wavelengths over the region between 0.5 and
1.23/(m. These observations sug§est that scattering is of major

- importance in the dermis.' (2:17

In discussing Findlay's study of pig dermis, it was pointed out that

i collagenous material exhibited little absorption over the entire visible
" iﬁ;, spectrum. Thus, from the above remarks, it may be concluded first of
s - all, that collagen fibers represent a primarily scattering medium rather

i -18-
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:‘.35 ‘ than an absorptive one. It should be noted that, on a particle scale,
{:. %’ collagen fibers exhibit an identity of structure not only throughout the
.;:;. body of an individual but across species as well (see Figures 7 and 8).
SE;:; Thus, it is considered here that scattering by collagen in the breast
:’é: is, to a very good approximation, comparable to that found in dermal

::;: collagen.

E:E; So far, a discussion of the optical properties of fibrous breast

3§§! tissue has led to the conclusion that this material is highly scattering
R and contibutes very little to absorption. It remains to both quantify
;::f;: this conclusion (in so far as it is possible to do so given the

EE:: comparative lack of data in this area) and to characterize the angular
,l;.c, distribution of radiation scattered by collagen fibers. The problem of
1‘: radiation distribution will be considered first to be followed by a

:'::i . discussion of the approximate dimensions of the scatterers.

;:::.: 6 It is possible, based on the data presented in Figure 9, to place

::' some bounds on the distribution of scattered radiation from collagen

‘:.'; fibers. The data in Figure 9 graph A for the thin sample of dermis of
:::% thickness O.Alﬂn shows that for longer wavelengths the scattering

':“:.' pattern of the tissue as a whole is concentrated in the forward

‘:‘:: direction. Compared to the thick sample of dermis, the thin sample

: reflects much more clearly the scattering properties of individual

::é' microscopic scattering centers. This is due to the fact that the light
EEE‘.: propagating through the thick sample is multiply scattered many times
S over effectively masking or averaging out the contributions of

4' individual scatterers. The data previously presented in Figure 5 giving
i percént remittance (R) and transmittance (T) for a 20Qm thick section
:;E:: @ of dermis is reproduced in Figure 9 as grapah B. Graph B of Figure 9
z;:'si gives absolute values of remittance and transmittance while graph A

e
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planes

> Figure 7. Rat tail tendon collagen fibril (39:16).




P % Figure 8. Collagen teased from a sample of human skin
(37:53).
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Figure 9. Graph A: Scattering Angle Dependence on Wavelength
(17:259). Upper curves correspond to thin sample; lower curves to
thick sample. Graph B: Spectral transmittance and remittance of a

2 thick section of human dermis.
remittance (R) or transmittance (T).

Data is given in percent




- . e

e -

2 B

IR R Y - Y

represents percentage of total output scattered in a direction at the
output plane. Of course, the data in graphs A and B of Figure 9 must be
consistent with one another and an adequate theory of scattering in the
breast must account for both sets of data.

An assumption that the microscopic scattering patterns of individual
scattering centers are forward directed can be shown to be consistent
with all the data presented in Figure 9. First, it is important to note
that this data was collected from a gross sample of 20Qm in thickness.
The transmittance and remittance values, therefore, are the result of
scattering contributions from a great many scattering centers. The fact
that there are many scattering centers (consistent with the intense
scattering known to characterize meshes of collagen fibers) implies that
virtually all the photons are scattered during propagation through the
tissue. Further, graph B of Figure 9 shows that at approximately 1.2%[n
where transmission is greatest, the ratio of transmitted to remitted
light is about four to one. Therefore, the most likely explantion for
the narrow output scattering pattern of the thin sample for longer
wavelengths is that the individual scattering centers in the tissue
scatter light in a primarily forward direction. In accordance with the
general principles regarding size of particles, wavelength, and
scattering outlined on pages 17 and 18, this forward directed scattering
implies that the scattering centers are, on the average, larger than a
wavelength of about Jn. The work of Hardy, et al. (17) supports this
conclusion:

For thicknesses as great as lmm scattering is maximal at all

wavelengths although for the thinner specimens there is a wavelength

dependence of scattering. This dependence, although varying
inversely with wavelength, is far different from the Rayleigh
scattering. This is to be expected as the 'particle size' of the
scattering elements of the skin specimen is probably not less than
that of a wavelength of light in the spectral range studied in

these experiments (17:258).
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At first glance, however, this conclusion regarding the scattered

::: Q@ radiation patterns seems to be at variance with the fact that collagen
'.’ fibers, though they may be a few micrometers in length, have an average
;.'. diameter of approximately 100nm. This fact makes each fiber, in one

;,;l. dimension, at least 10 times smaller than a Il wavelength. Since the

fibers are much smaller than a wavelength, one would expect the
K scattered radiation to be distributed almost equally in space at least
about the axis of the fiber. To conclude that the scattered radiation

is isotropic in the axial direction, would, however, be incorrect as

‘::; the following will show.

EEE Collagen fibers derive their collective strength as supportive

'('“ structures from their high number density in a unit volume. Some idea
'::-: of their density and arrangement may be gleaned from Figure 8 which

‘:'{; shows a number of these fibers taken from a human specimen. As

f‘ @ particles are packed closer together, the scattering properties they
ﬁg exhibit individually, or in small numbers, change dramatically

§:‘ (33:913~914). For dense particles, the scattering, in fact, decreases
_,‘ since, the denser the particles get, the more they begin to resemble a
;:EE homogeneous medium. Under these circumstances, the product of the

:E.: number density particles of [)n and the scattering cross section G;

:(':: becomes /Dnc; = w(l - w)G;/Ve. Here, w is the fraction of the

E:: total volume of the gross medium which all the scattering particles take
:25: up and Ve is the volume of a single particle. The factor w(1 - w) is

parabolic with a maximum value at w = 0.5. This means that/)nO; has
o the same value at w = 0.95 that it has a 0.05. However, the identity of
X the scatterers themselves may change from that of the particles at

w = 0,05 to the interstitial gaps between particles at w = 0.95.

(3]
! @
,::: v Considering Figure 8 and drawing upon the arguments above, one is
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led to conclude that in a dense mesh of collagen fibers, the actual
scattering centers are probably more accurately identified with the gaps
between fibers or bundles of fibers with dimensions comparable to or
perhaps larger than an optical wavelength. This estimate in size of the
scattering centers should, in all liklihood, be revised upward to obtain
a large particle approximation to scattering consistent with the
transmittance and remittance data in Figure 5. Considering, again, the
data in Figure 9, it may be felt that the angular spread of radiation
for shorter wavelengths (such as 0.55Qum) is inconsistent with large
particle scattering since these short wavelengths are smaller than the
dimensions of gaps between fibers. A possible explanation for the
phenomenon may be that the shorter wavelengths are exciting a different
scattering species (perhaps the fibers themselves).

To close this section, a final comment regarding optimal
transmittance through dermal tissue is called for. The reader will
recall from Figure 5 that transmittance is greatest at a wavelength of
about 1.2y M. This suggests that, if internal fibrous tissue of the
breast is similar to dermal collagen in structure, then a relatively
good value of transmittance may be obtained in breast transillumination
at 1.2y4n. At this wavelength absorption in the fibrous tissue is low
(about 20 percent) and, therefore, light contrast due to differential
absorption between cancers and surrounding tissues should be
comparitively good. The suggestion to detect light of 1.23m
is made in view of the fact that detection in transillumination is now
performed using silicon detectors whose responses extend to about 1.Y¥m
but no further. Therefore, the transmission data so far collected in

transillumination does not include transmittances for wavelengths

beyond l.yjn.




’ Although transmittance maxima also occur at 1.7 and 2.%um,
d§§§ wavelengths in these regions suffer greater absorption and it can be
expected that contrast in transillumination at these wavelengths would

o decrease somewhat from that at 1.2%um.

Light Scattering in Whole Blood.

;E Whole blood consists of red blood cells and blood plasma. In normal
_5: blood tissue, the red blood cells account for approximately 40 percent
4 of the total blood volume. Thus, 60 percent of blood is plasma which is
;?1 almost entirely made up of water.

& Considered in isolation, red blood cells which are about &Jn in

gﬁ diameter and &1“ in thickness, are highly scattering in a forward

:ﬁ\ direction at near infrared wavelengths (19:63,66). However, because the
z‘ cells are surrounded by plasma, radiation spanning the red and near

o (f;? infrared is absorbed in the plasma either before it reaches the cells or
g' after scattering from them. This accounts for the shadows cast in

Eg transillumination by superficial blood vessels and by the mass of

:% proliferated blood vessels which surround the highest percentage of

ﬁé tumors in the breast. Consequently, whole blood in breast tissue is

.k“ considered primarily an absorptive medium vice a scattering one in

o transillumination.

§? Taking together, then, the data and arguments presented above, one
7 may obtain a reasonable model of light interaction with breast tissues
23 at red and near infrared wavelengths. The features of this model would
5{ include

ia' (1) Low absorption in tissues surrounding blood vessels and

jﬂ cancers,

Eﬁ: {ﬁgb (2) High absorption in blood and blood vessels massed about

I

! cancers,
U
t
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(3) Low scattering in fatty and whole blood tissues, and

(4) Intense highly forward directed scattering in the intralobular

connective tissue made up of collagen fibers.

This model will be assumed in Chapter II in the development of the
mathematical theory of multiple scattering as it applies to
transillumination. There the reader will find the propagation of near
infrared wavelengths through tissues surrounding breast tumors to be
described by mathematical functions which provide for forward directed

scattering, relatively large scattering cross section Og» and low

absorption.
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I1I. Scattering Theory

As will become clear in the discussion to follow, a central goal of
the mathematical development of scattering theory as it applies to
breast transillumination must be to calculate the correlation function
(or mutual coherence function) for a scattering medium. The correlation
function is an important quantity in the calculation of both the point
spread function and the limitation of resolution of an imaging system
in the presence of a random medium. It will become clear that the
correlation function is the key to a quantitative determination of the
quality of imaging that can be expected. From a knowledge of the point
spread function, one can estimate the efficacy of the techniques of
image processing such as phase retrieval which employ extrapolation
from the Fourier modulus.

The mathematical development to follow proceeds along two differing
lines of thought corresponding to the analytic and transport theories of
scattering in a random medium. The analytic theory (also called
multiple scattering theory) begins with Maxwell's equations or the wave
equation and develops differential or integral equations for statistical
quantities of interest. The transport theory, on the other hand, is
not based on an electromagnetic wave approach but deals directly with
the movement of energy through a medium containing scattering and
absorbing particles. Since the transport theory does not develop from
electromagnetic wave propagation, it does not directly include
diffraction and interference effects~-these effects enter indirectly
through the scattering cross section (Cg) and the absorption cross

section (CZ) (Cg andCé being measurable quantities) (19:147).

Although the analytic and transport theories of scattering take




A quite different points of view, it can be shown that the two theories

i !% are connected. Specifically, the correlation function of analytic
theory and the specific intensity of transport theory are a Fourier

! transform pair (20:275). Thus, although the transport theory does

" not contain information as to fields, it is possible to calculate

the correlation of fields via a Fourier transform. This concept will

e be exploited when the correlation function for a slab of tissue will
o be derived based on a knowledge of the specific intensity.

Twersky's multiple scattering theory is developed in Appendix A
where the integral equation for the correlation function is
N obtained. This theory was chosen as it has been successfully

applied by investigators to scattering problems in biological

::f: media (30). Twersky's correlation function is defined and its relation
'2.0
'f:: to the specific intensity of transport theory through a Fourier

‘ 6 transform is shown.

. A solution of the transport equation as tailored to the case of the
", plane-parallel slab of tissue is obtained. The slab configuration was
) chosen as it corresponds well to the clinical set-up for
transillumination of the breast where the breast is itself compressed
e into the form of a plane-parallel medium (precisely as is done in X-ray
() mammography ) .

B This chapter presents four topics: (1) the correlation function for

X analytic theory, (2) the connection between the analytic and transport

.. theories, (3) the limitation on image resolution due to a scattering

“ab,

:g: medium, and (4) the signal to noise ratio relevant to transillumination.
EE»: It will be shown that according to scattering theory embodied in the

r” four topics above, the image obtained via transillumination cannot be
»:i: @' improved without first reducing the scattering by some physical means
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hX before image processing is applied. This conclusion will lead in

[}

"

&

E: tggg Chapter III to a consideration of time gating and spatial filtering- a
0‘|

) method of imaging which attempts to reduce the effective scattering

K

:g (and thus reduce noise) by temporal and spatial discrimination of photon

LY

Sd paths.

)

" The Correlation Function From Analytic Theory

o

f The correlation function I—kra, rb) of analytic theory for the

.‘

&4 scattered field at points r, and r, is presented here as it will be used
)..

. later to calculate the limit of resolution one can expect to obtain when
oy

h imaging through a random medium. This limitation of resolution is

j‘ important to the transillumination problem as it will define the

AN

, theoretical limits of the efficacy of transillumination and will provide

. quantitative methods for determining these limits.

Y
K Twersky's integral equation for the correlation of the fieldkL? at a
0, .
’ ‘ij; point r_ andgép at a point r, in a random medium is (35:99)

13 .

t

R a b a bx a b¥ 2 - d_.

o > = T.

; GO = M) + e uhemds
.

"y

Y where
i:.:

.l
*
a_..a Ayt~ A \AR (2)

'iQ Vs - us + u-t Vsp(r;;)&r%
:; vsa and vsb are called multiple scattering operators. Their function

L2
¢ is to convert a wave incident on a scatterer at a location I, into a

v
b scattered wave which is then subsequently observed at location r, (in

, a . b .
-h, the case of v ") or ry (in the case of v_~). The function O(r)
?’ —— represents the number density of scatterers per unit volume as a

45" _‘,"",“v'
by w1 function of position. In equation (2) the symbol usa represents the
s
N
y -30-
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‘: '*" scattering of a wave incident on a scatterer at location r, and

1" “,‘3‘5‘:; propagating through free space to a point r,. Thus, usa is called the
:' # free space scattering operator. The form of the operators, vsa, va,

, 2; and usa are derived in detail in Appendix B. The brackets < > in

:. equation (1) indicate the usual time average value and equation (1) is
'.3‘ integrated over all scatterers in the medium. In order to complete the
:Q*,:E calculation of the correlation function given by equation (1), it would
E: be necessary to find expressions for the quantity Qﬁ)(vl/)% and

; <l;’[/s‘2> using the analytic theory. But complete solutions for the
; Twersky integral equation for the correlation function have not appeared
.«:'. in the literature. However, as adumbrated at the beginning of this

’ chapter, a methodology does exist for the complete calculation of the
és: correlation function based on the fact that the correlation function of
?é . analytic theory and the specific intensity of the transport theory are a
' f!! Fourier transform pair. It remains now to justify the assertion that
E;j this Fourier transform connection exists between the analytic and

E transport theories. Once this connection is established, it will be
E'- possible to depart from the analytic theory and calculate the

25 correlation of fields from the specific intensity. The reader will
: find a description of the transport theory and specific intensity in
‘.“ Appendix C.

e

:: "h’ The Connection Between the Analytic and Transport Theories

:" Although solutions for Twersky's correlation function based on

:.'; analytic theory have not yet appeared, various solutions for the

"" specific intensity in radiation transport theory do exist. The reader
;-": is referred to Appendix C for a description and discussion of transport
::' ’?r; theory. In this section, the connection between the correlation

5 function and specific intensity is described. With this knowledge in
“ -31-
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hand, it will be possible to obtain information regarding correlation
of fields despite the fact that radiation transport theory is not based
on electromagnetic field equations. In later developments, it will be
seen that the correlation function enters as an essential quantity in
the calculation of the limit of resolution of an imaging system. Thus,
the transport theory becomes a powerful tool in the analysis of imaging
of the breast by transillumination. The specific intensity I(r,s) is

2 _-1,-1

measured in Wm “sr Hz - and is the average power flux density within a

unit frequency band centered at frequency and radiating in the

direction s from a point r on a radiating surface. See Figure 10.

I(r,s)

Figure 10. Flux through da on a surface A (19:150).
The correlation function presented in equation (1) and the specific

intensity are related by (20:275)

(WEW B =T{R W) [ (E ) = f 1(2, 8)exp(ik 8 13)d0 3)

where r = 1/2(ré + rb) and ry = (ra - b)’ and K. is the real part of
the complex wave number for a scattering medium (see Appendix B for a
description of K).

It can be shown that, assuming the validity of equation (3), the
integral equation for the average intensity in transport theory can be
derived (see Appendix D). Since this is the case, it follows that the
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W correlation function of analytic theory and the specific intensity of

\/

kg: . transport theory are a Fourier transform pair precisely as stated in
s

ROt equation (3).

e : : .

;5* Limitation on Image Resolution Due to a Scattering Medium

L)

Sy,

iSf The reader will recall from Chapter I that, for the purposes of
G

) transillumination, the breast is compressed into a plane-parallel

i . . .
'Q5 optical medium. In this section, the limit of resolution of an imaging
A

system in the presence of a plane-parallel scattering medium is

considered. The reason for calculating such a resolution limit is that

e
5? it provides a measure for assessing the efficacy of imaging via
W
eI transillumination. How this is the case will become clear as the
! ‘
discussion proceeds. Using the Fourier transform relation between the |
1
b *
;; correlation function and the specific intensity, the correlation
132 |
;4: function for a plane wave (in the large particle scattering j
Q' 'ﬁ‘\
’ ‘5! approximation) incident upon a scattering medium is presented. Figure
Al
g'k 11 depicts the physical set up for the calculation of the limit of
& ,
gy resolution.
W0
,“' (xl l)
o 00 © 1,y (Ly)

2 gt Q
l’ h‘ 9 ﬂ
v ° o |
l'.‘l o o< a !
hy g ° |
5 « O I

V/ o o & o ]
Lok 1 o a4
2 o
"y ° & ) —— f —~
Y 1
o |
C“ ' |
0.
c::;g
" Figure 11. A monochromatic plane wavelf/. propagating through a
{3- random distribuiion of scatterers (20:301). e resultant scattered
?ﬁf wave is focused cuto the x,y plane (Fourier transform plane). The lens
W0 has radius a and focal length f.
s
“'S' @» The assumption, based on the optical model presented in Chapter I,
o
l':.l
o) =33~
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" that scattering is due primarily to particles larger than a wavelength

‘fi: 5‘833‘ in the near infrared implies that the scattering pattern of an

'::5 individual particle is forward directed. A mathematical formulation

?.; of a forward scattering pattern may be obtained by means of a phase

gs function p(s) which describes the amount of power which is scattered i
;' into a direction s by a scatterer. A forward-directed scattering :
;i‘ pattern may be approximated by giving p(s) a Gaussian form:

A

" ped) = 4opW Exp (- S*) %)

::: where, for large scatterers CYP =2.66 (D/ )\)2' where D is the
0
’ particle diameter and >\ is the wavelength of incident radiation. Yo is
:- called the albedo of the scatterer and is defined as
%
JRL W= G/G+ o) = G/, ®)
O »
:
W where G; is the scattering cross section of a particle, Ga is the
o absorption cross section, and O_t (total cross section) is equal to
“
3
.‘:': g, +0,.
:sf In appendices E and F, it is shown that the correlation function
, F(z,q) for a plane-parallel medium with plane wave incidence is
K
;": Py 2
4 - -
& 'z, = Texp {—% q z[ L - Wyexp(-9 /4ap)] (6)
!
o
‘ where pn is the number density of scatterers per unit volume. The
?«‘ quantity q = Krﬁi' where Kr is, again, the real part of the complex wave
& . . A
P number for a scattering medium and /.5;' = P;' -Pz' where/jl' aMﬁz'
:’ Qﬁ: are points in the x', y' plane as picture in Figure 11. Thus, F(z,q)
A -h Y
::: represents the correlation of fields originating at points /)1' and /.)2'
)
‘I.
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W as measured a distance z in the horizontal direction in Figure 11.

*:'

‘:; % The intensity in the focal plane of the lens pictured in Figure 11
, is equal to the point spread function Pf(ﬁ) for the system depicted

:E since, in this case, the image is that of a point source at infinity.

::: In physical terms, the point spread function describes the effect the

. scatterers have on the resultant image. Heuristically, the point

:E: spread function states that the point source is "spread out" in the

.'3': focal plane. The reader will note the conspicuous absence of a cancer

w in the medium in Figure 11. The reason for this is that the goal of

‘: calculating the resolution limit is to gain an understanding of the

‘:; effect of the scatterers on a propagating wave. The image that results
'_‘- from imaging an opaque object (in this case a cancer surrounded by blood
1;: vessels) through a non-scattering medium is well understood. Thus,

;:.: it is only necessary to image the scatterers alone to obtain the

'15 @. required understanding of the effect of scattering on cancer detection
E’E by transillumination.

':é The point spread function Pfﬁ) or intensity in the focal plane of

. Figure 11 can be shown to be (see Appendix G)

M

- 2, [dg’ L0508 ) e KR,

Pf(p)'ﬁ;z o% R Yo\ Tq A) () (7)
‘a

EE where k = ZW}\, f = focal length of a lens, a = radius of lens, Kp'd)
o is the pupil function, andpd' =/); -pz' The quantity O is a point x,y
3?:. at a distance (x2 + yz)l/2 from the horizontal axis (see Figure 11).

::., In Appendix G it is shown that for an optically thick medium, the
' ’Ei{ point spread function Pf@) may be expressed as the sum of a coherent

: ' (average) part and an incoherent (fluctuating) part:
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F ) =R +R0) ()

where P C([J) is the coherent portion of Pf([)) and Pi(p) is the incoherent

portion. Also shown in Appendix G are expression for PC@) and PigD):
P.o)= Iexper) @/p)> J.Z(noa/f) (9)
and
B0y =1 a/p;) exp [Fre-wo)-(p/ Piﬂ (10)

where7 zoptical thickness =/.)n(os-’+0'a)z Again, O is the number
density of scatterers per unit volume, Gs and O-a are the scattering and

absorption cross sections, and

A" = (Kpt/k) (TWo [, o

The quantity z in the expression for 7 is, for the transillumination
problem, the physical thickness of a breast compressed for

transillumination. The relationship between Pc@) and PiW) is

shown in Figure 12 where Pig()) is superimposed over PC§O).




P, (D)

p =0

(Distance across the focal plane).

Figure 12. P (D) is the Airy pattern created by the imaging of the
coherently propagfiting portion of the intensity (20:305). The incoherent
intensity P, gais spread out over the focal plane and increases with
increasing &ptical thickness T.

The coherent intensity is the image bearing component of the total
intensity. If P;(0) is less than PCQO) around the pointQD= 0, it is
possible to obtain an image of an object surrounded by a scattering
medium. However, if P,(0) is greater than PCQ:D, the image is "‘washed
out" by the incoherent intensity (20:305). Note, however, that even in
cases where P, (D) < PCQO), if P.(0) is significant, the contrast in
the image may be quite poor. Under these circumstances some resolution

may be possible but the image will still be difficult to see.

The Signal to Noise Ratio

Based on the development in the previous section it is possible to
define a signal to noise ratio in terms of the coherent intensity PCQD)
and the incoherent intensity PiQD). It should be understood at the
outset that the noise (which will be defined as the incoherent
intensity) is not additive. In fact, the incoherent noise is created
directly from the coherently propagating intensity as it is scattered by
the medium. Thus, as the incoherent intensity grows, the coherent

intensity diminishes.
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W The signal to noise ratio will be defined as the ratio of the
o Y
o QSQE coherent to incoherent intensities:

,.‘g'v P w) . S
- € - signaltohoise Tatio:- -
b Bp) (12)

& i

" To simplify the calculation, consider the signal to noise ratio at the
Q% point 0= 0:

 T.expen (a0 T2 (X42)
pP=0 Io(a/pi)zcxp[—’r( 1-W,) —(P/pl-)z] p=0

Z|»
I

i /0?3 (F)

= lixn

g f;’ p~0 (1 /pl.)zcxp('r Wo)eXP(P/Pi)Z

(13)

“ Expanding the numerator using the formula
& 3 5/2.2. _ y1/,2% %
2 T = Xz - X/2'4 + X/2°¢6 /246G 8

¥
.I e o o v
.25 + Y

g §[ _ (Kz 6.2/4£ z )
N

0=0 (1/p,) exp(TWo) (14)

and then recalling that

g & o2 = (KEFAE) (TWo/ey)

(11)
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Raen the signal to noise ratio becomes

a0 T?I-I _ Kra/ z )2 (TWO/ Q'P)CXP ETWo)
:'o,: f}O

(15)

e

'l::i‘ It can readily be seen that the signal to noise ratio is strongly a
:"E' function of T = [)n(Gé +Ga)Z as S/N falls exponentially with
{"::' increasing optical thickness.

o As an example of a calculation of S/N in a biological medium, the
5‘:.:': signal to noise ratio for a dilute blood medium will be obtained. The
:.:‘:: physical parameters employed are the same as those used by

§; Maarek et al. (24) in a Monte Carlo simulation of photon propagation in
%

X a tissue medium (see the section entitled '"Time Gating the Output" in
:‘:: . Chapter V). This allows comparison of calculation techniques.

':..:‘ G Before the calculation is attempted, however, a brief digression to
N discuss the relationship of the scattering cross section to particle
:tg density is required. As the number density of scatterers increases, the
;3 particles are packed closely together. As the ratio of total volume of
':E'::. scatterers to total volume of medium approaches 1, the particles are
:E:: packed together in such a manner as to create a homogeneous medium of
,, particles in which no scattering occurs. Thus, based on the argument
} above, one is led to the following approximation for the factor [JnCTS :

& P, =[Wt- W% /Y, (16)

::.:. where w is the ratio of the total volume of particles to the total

é:. volume of the medium and Vo is the volume of a single particle.

‘ES:E @ Equation (16) was obtained by Twersky via a more mathematically i
EE:E rigorous approach (33:913). Incidentally, these considerations throw
": -39-
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some light on why transillumination can, in some instances, give better
results for dense tissues than can x-ray mammography.

As in the study done by Maarek et al. (24) the following calculation
assumes a hematocrit H (the ratio of blood cell content to whole blood
where whole blood consists of blood cells and plasma) of 0.05. Thus, in
this case, the quantity H = w. In addition to H, the equations listed
below were substituted into equation (15) to calculate the signal to

noise ratio:

W, = ¢/ = (1-0)(G/(Gtq),

K.= K+ H/(1+ H) k[M/n,.- 1],

o = 2.66 (D/N),

rw(i-w)o's

" T = g.+0,) =

at P (G+0a)2 E)tpgz
R e

t¢¥

&

)

‘:l: and

..l|

R _ 2

O"‘

At

N

where r is the radius of a blood cell and h is its thickness. The

‘?'

;:: equation for the real part of K (Kr) is taken from Twersky (32:168)
.D

:::. and the ratio nl/n0 is the ratio of the index of refraction of a blood
Aty

®. cell to that of water. As will be seen, the accuracy of the second
:"‘ term used in K. are not critical as the signal to noise ratio is so
"::.. strongly dependent on 7 .

),

S The numerical values chosen were

": o

-
¥y

24
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H = 0.05

% = Ar

G = o.185pm2

2

a
2
kK = X = 6.22;[n'1;>\=1m
D = diameter of blood cell = 1}“

ho= gm

_ 3
Ve = 76.91}n
z = tissue thickness = 4cm

The values for G'S and O; are those supplied by Ishimaru (19:66) while
blood cell dimensions (D,h) are taken from Johnson and Guy (21). The
wavelength CX) is consistent with Ishimaru's data on scattering and
absorption cross sections.

Substitution of these numerical values into equation (11) gives the

following result for the signal to noise ratio:

% = (2.21x lom)cxp -746.16)
P=0 B

~ 22110

=~ 0 17)

Equation (17) indicates that the coherent intensity has been completely
turned into incoherent intensity by the scattering process. It might
now be instructive to inquire at what point (in terms of optical

thickness) one might expect to obtain a coherent image. This question

P_(D)
may be answered by setting the ratio Rans equal to unity and then
P.gg) =0
i
solving for the optical thickness 7.
Using equation (15) one obtains
41~
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BO| | KeaTW,
P; (0) =0 ‘tCXP

exp-T W) = 1

which implies that

2 2
Ko &

yanl [CXP(TWO)}/ TW, (18)

The quantity aP is proportional to (D/)\)z and K= k. Therefore, the
left side of equation (18) is proportional to (a/D)z-- a quantity which
is likely to be quite large in the case of transillumination. It may be
concluded, then, that equation (18) is true only for large

(i.e., either strong scattering and/or large thickness of medium).

3
Letting G_;_I‘__a?‘): P and Two= X , the following mathematical steps
P

establish an equation for optical thickness wherein one may expect to
obtain a reasonably good image in a scattering medium. First, following

the definitions of B and x given above, equation (18) implies that

B = exp(x)/x

Therefore,

MB+1In(1aB)= InB+1n(x- Inx)
= In[B(x=1nx)]

1n[Bx- Blnx]
In[exp () -(exp(x)/x)Inx]
In[e (- Inx/Ax)]

If x >> 1nx, then

, 1nB+ (1B = lne” = X (19)
where B=@ and x:Twa .

WY W W T T
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Now if the diameter D of a scatterer is large compared to)\, then Oy, =

2.66 (D/)Q2 (19:122). SubstitutingC¥P==2.66 (D/}Qz into the equation for B

yields

4aP

(20)

Letting a = 2cm and D = lfn (as in the example calculation for S/N) one

obtains

B=303x10’

Substituting this value of B into equation (19) one gets that

1n (393 x10")+In(in 3.63x10")=TW, (1)

For a medium that is not highly absorbing (as is the case withk breast
tissues other than blood) WO'-‘V'I andTWO‘-" T. Therefore, from equation
(21),T= 20.08 and

n

HA-H)G
Ee

used before one obtains for z (thickness)

Z = 1.019mm

%(cg,«ogl)z X Qo2 =20.08 (22)

Then using the fact that /ZJL% = and the same parameter values

This value for z, then, represents the upper limit on the thickness of
tissue for which one would expect to be able to obtain a reasonable
coherent image, i.e., an image which would still contain details of the

object profile.

Interpretation of the Signal to Noise Ratio.

The calculation of S/N shows that, for the parameters chousen, the
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A
by
e coherent signal Pc(p) is (for all intents and purposes) non-existent.
I&; Ay . -334 P
Wl AN The exponential factor (10 ) may seem surprising since in many
'_:::;. cases of noisy systems, although the signal to noise ratio may be quite
E:::' low, equation (17) indicates an extremely weak signal, indeed (if it
.:::E may be said to be there at all). However, if one considers the fact
5::.: that the noise is not additive but derives from the scattering of the
: '_;.f coherent signal itself, it is easier to see how the coherent intensity
_E:ff.o should be so overcome by the incoherent intensity that it '"feeds". If
‘r:;.‘,,- the scattering cross section O'S is at all significant, it does not take
3:‘. long as the wave propagation through the medium for the coherent
:;‘:.: portion of the intensity to be removed almost completely.
.._ Given the analysis presented in this chapter, it does not appear
H‘g that the optical processing techniques aimed at retrieving or enhancing
;"’f , the coherent intensity in order to improve imaging and are likely to
:'.:;: (;h succeed. Such methods as matched filtering or simple averaging of
;' outputs to eliminate or reduce noise assume that the signal is present
g:::: in the noise and is, therefore, retrievable, at least in principle. In
’:2. : the case of breast transillumination, however, the coherent or average
;:‘:‘::‘ signal is no longer present in the total wave. Therefore, a matched
E::‘ filter has virtually nothing to match. On the other hand, although
A' averaging outputs (at, say, different angles) could theoretically reduce
»‘é noise, the result would not be an enhanced coherent signal (since, in
’ﬁ actuality, there virtually is none). Of course, the parameters chosen
:- here for the calculation of the signal to noise ratio do not necessarily
E:‘EE' correspond exactly to those of breast tissue. The values of the
:E:::, parameters were chosen largely as they were simply because the
:: .\'.)(’J scattering and absorption cross sections, density and other physical
:§'.:E parameters for the breast were unavailable. Nevertheless, it is
i
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l'? . reasonable to assume that breast tissue would not exhibit properties so

0 C’.'E:" different from those considered in this chapter that the conclusion

o implied by equation (17) would be changed in substance. The reader will

'.: also find that the calculation of the total intensity to be accomplished

‘:: in Chapter III will show that the parameters used here yield results

o fairly close to those obtained under actual transillumination.

_:: Further, one should consider that the assumption of a primarily

" forward scattering pattern for single scatterers constituted a 'best

".t possible' scattering medium for the retrieval of the coherent intensity.

S If, by chance, the single scatterers in the breast had scattered

‘;; radiation patterns broader that that indicated by a Gaussian

a approximation to the phase function, the signal to noise ratio

rf; calculated under that circumstance could only be worse than that arrived

.. o at in the analysis presented. That is, the broader the scattering

:io 6:': pattern of each scatterer, the more quickly would the coherent intensity

', be spread out through the medium and the more quickly would the coherent

;:Lof image bearing intensity disappear.

J." The development of scattering theory presented in this chapter has

-f‘: led to the conclusion that the coherent intensity is effectively !
. destroyed by the intense scattering process in a biological medium of

tag the kind considered here.

_'{ At this juncture, it is important to formulate the problem of !
.-‘ transillumination imaging in the light of the theoretical results |
:' obtained. In particular, it is, of course, experimentally established

s', that images of tumors are observed under transillumination despite the

:E fact that the scattering theory presented here demonstrates an effective

?:" % zero value of coherent image bearing intensity. A conclusion that may
SE. be drawn from this observation is that the imaging occuring in j
Y ‘
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transillumination is not obtained by means of the coherently propagating
intensity. Instead, the shadow image cast by a tumor must be the result
of differences in incoherent intensities. Therefore, to improve
transillumination imaging in the near infrared, one should first
concentrate on improving contrast in intensity over the image plane
rather than attempting to resolve the details of the object of interest
(a tumor) imbedded in the tissue.

In Appendix H, the reader will find, as an example of an attempt
to recover the coherent signal, a description of the method of phase
retrieval as it might be applied to breast transillumination. The
results obtained in Appendix H show that the phase of the signal
cannot be recovered by this method. Consequently, phase retrieval does

not show promise of improving imaging by transillumination.
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uﬁ O III. A Method for Improving Imaging in Transillumination

" In this chapter a method for improving the contrast in

' transillumination will be presented. This technique, called Time

A Gating and Spatial Filtering (TGSF), concentrates on improving contrast

:; by physically reducing the effects of scattering. The method does not

7? attempt to retrieve a coherent signal but accentuates, instead, the

& contrast in incoherent intensity across the output plane.

?S Time Gating and Spatial Filtering of the Transmitted Radiation

%: Recent studies (24) based on a Monte Carlo model of propagation of

> light through thick (20 mm - 80 mm) heterogeneous biological samples

5{ have provided encouraging results suggesting that spatial and time

‘f discrimination of output radiation can, in some instances, significantly

fn{ ig%; improve the contrast in transillumination. The work accomplished thus !

?% far has not been directed specifically toward the problem of cancer

s. detection in the breast but the method used is certainly applicable to

?' the problem.

g Simulation of Laser Tomoscopy

gi This section is devoted to a description of the Monte Carlo

r simulation of photon propagation through a tissular medium performed by

5: Maarek, et al. in 1986 (24). In this study, the researchers simulated

i: the illumination of a tissular slab with a picosecond laser source. 3

A‘ Inside the tissue there was considered to be a blood vessel which could

5& be moved about to simulate the process of scanning the tissue with the

P source. At the output end of the slab was a simulated, collimated,

é’ ultrafast optical Kerr Shutter. Thus, at the shutter, both spatial and

?? 55%% temporal discrimination of photons could be performed based on

4 |
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scattering angle at the shutter and flight times of photons.

The advantage of using such an apparatus can be understood in terms
of the source of noise in the imaging. As theory indicates (Chapter II)
and experiment demonstrates, light scattering produces a reduction in
contrast and resolution of an image. In terms of photon paths, the
noise at the detector comes from photons which are first scattered far
from the axis of illumination and are then eventually scattered back
into the field of view of the detector. These photons cause light areas
to appear where, imaging in the absence of scattering, there might
otherwise be dark regions (24:207). Thus, a reduction in contrast and
resolution occurs in the image. Now those photons which are scattered
far from the axis of illumination and yet reach the detector travel
distances greater (and have longer flight times) than those photons
which tend to stay nearer the illumination axis. Consequently, a time
gate at the output slab could remove noise from the total system by
"discarding'' those photons which take some time longer than a pre-set
acceptance time to cross the tissular slab. The time gate would ensure
that only those photons which tend to travel near the illumination axis

would be detected.

Description of the Simulated Model

The tissular model which Maarek, et al. used is pictured in Figure
13. The tissue was a semi-infinite slab bounded by parallel planes at
=0 and x = X ax® The tissue surrounding the blood vessel of radius
R was assumed to be a homogeneous medium with optical characteristics
equivalent to that of dilute blood with a hematocrit of 0.05 (indicating
a ratio of total blood cell volume to blood cells and plasma of 0.05).
The blood vessel of variable radius R centered at coordinate Xer Ve

as shown in Figure 13 contained blood with a hematocrit of 0.50. This
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model has some similarity to the model of the human breast described in
V'
'?; e Chapter I. It will be seen later in the description of the results of
"y -
"_ the simulation that the output intensity is, in terms of important

W

: qualitative features, very similar to that seen in transillumination of
¥ ~’
'_:' the breast. In both the surrounding medium and the blood vessel the

)

! " oxygen saturation was assumed to be 100 percent and the refractive index
g .

) 1.36 (4). In most cases the number of input photons was 30,000.

s
:E; Optical Parameters Used in the Model
-i The optical parameters such as scattering and absorption

t'..
;::': coefficients S and K were calculated according to Zdrojkowski and
;o'l
:::; Pisharoty (41). Path lengths between scattering events were based on
L) work done by De Palma and Gasper (10).

i’

I

’f’ Maarek, et al. reported that use of only an optical collimator is

% T
q insufficient to select only those photons which travel near the axis of
S I,
s " 6,9 illumination:
K)

A2 It should be noted that for thin samples the probability of a

- - p . y . .
F>-. photon's free path being greater than the sample thickness is fairly
S} high and so photons can pass through without a single scattering

Ry event. It is for these situations that the use of an optical

:) collimator can produce good image resolution using transillumination
A because a large number of detected photons will have travelled
" straight along the illumination axis (24:408).
::: The computation of scattering angles was the same for both the

f

d surrounding dilute blood medium and for the interior of the blood vessel
P
;:: and was based on experiments done by Maarek et al. on a dilute blood
0
:3. sample (24:408).

(]

’ Transmittance and Reflectance Characteristics

Q8 To provide a baseline and normalization factor for the simulation of
f. imaging, computations were carried out assuming a tissue sample not
K
i % containing a light absorbing blood vessel. In addition, no detection

I . -
;:? ~ aperture was included at the output end of the sample. Figure 14
N
A
iy N '50'
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Figure 14. Variations of the number of transmitted photons (N) for
o three values of the medium thickness(x ___); curves 1, 2, and 3

:;i"" correspond to x values of 40mm, 60m'¥1"?xand 80mm, respectively

4 (24:409). On grxug’;gh (a) the number of diffusely transmitted photons is

! plotted as a function of emergence ordinate y (in mm). On graph (b) the
e same parameter is plotted as a function of emergence time t (in ps) and
curves 1, 2, and 3 have been shifted to the same time origin considering
,;.j, ~ that time zero corresponds to the straightforward crossing times of the
e W media. The number of photons, N, detected with time gates of 5 ps and
! 10 ps have been plotted as a function of emergence ordinate y on graph
o (¢) and (d), respectively (24:409).
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depicts the results obtained for tissue thicknesses of 40mm, 60mm, and

- 80mm. Each of the graphs a, b, c, and d include results obtained with no
time gate, a time gate of 5 ps, and a time gate of 10 ps. Figure 15
represents values of transmittance and reflectance obtained with varying
thicknesses. Also included in Figure 15 are values of transmittance
when a 1mm detection aperture only was used and when a 10 ps time gate
only was employed.

Maarek, et al. stated that

Above sample thickness of about 50mm the reflectance Re is

approximately constant because the surface of the model has the

greatest influence on the intensity of the reflected photons.

Consequently, they contain no information about the deeper regions

within the model (24:409).

Curve b in Figure 14 shows the flight times of photons assuming time
zero corresponds to the straightforward crossing time. The curve shows
that as thickness of tissue increases, an increasing number of photons

(;? have flight times greater than the straightforward crossing time tg
In particular, for a 40mm thick sample, somewhat less than 100 photons
of approximately 12,000 detected have a flight time close to t.- In the
band, for a sample 60mm thick or more virtually all photons detected
have flight times greater than t-

Curve a in Figure 14 indicates that for a change from 40mm to 80mm
thicknesses the transmittance is reduced from 21.4 percent to 3.18
percent when there is no time gate. A change in thickness from 40mm to
80mm with a time gate of 10 ps causes a decrease in transmittance from
5.8 to 0.08 percent. Under the same change in sample thickness, a
reduction from 2.3 to 0.01 percent occurs with a time gate of 5 ps.

The input power required to obtain the transmittance indicated in

Figure 14 can be calculated from a knowledge of the number of photons

-
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transmittance and refltectance
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Figure 15. Variations of diffuse transmittance Ty» collimated

o transmittance Tél through a 1mm aperture, transmittance T1O

" corresponding to a time gate of 10 ps and reflectance Re as a function
of medium thickness (xmax)' The data are computed considering

" homogeneous tissular slabs (24:409).

N TD x 10 x Tcl = diffuse transmittance through aperture dia. = 1mm.

T1O = transmittance with time gate of 10 ps.

5

-
-

-
t

u 10 x R, = reflectance
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into the medium. Considering graph a in Figure 14 and a tissue thickness
of 40mm, the total number of photons received is the area under the
graph. This is

NR = number of photons received

~ (1/2) NA)/

where N = 400 is the number of photons received on axis and Ay 2 60mm
is the width of the curve at its base. Since the transmittance for this

curve was 21.4 percent the number of input photons required is given

approximately by
NI = number of input photons

- (1/2)(400) (COmm™)
0.214

= 5’6/ 1oco fho‘kons

This approximation is reasonable considering that blood cells have an
absorption cross section of approximately 0.06 m?' at >\= .632%1m which
is much smaller that the scattering cross section Us (Os= 691m2 at
the same wavelength). Thus, the probability of scattering is much
greater than the probability of absorption.

From these considerations, one obtains for the input power P:

P= N-I_]-’IV

t
_ (5100 photons)(b. 45X 16732 T (4. 1w 16" He)
sx1071%s
= 355mW

=54




iy Since Maarek, et al. assumed He-Ne laser>\ was set equal to .632?}11. The

Monte Carlo study also assumed an instantaneous pulse which was

&

approximated in the above calculation by a time of 5 ps.

X
‘Q\
;“ Simulation of Imaging by Transillumination
Y\
i The following is a summary of the results which Maarek, et al.
'.‘5 obtained for two tissue thicknesses and varying location of a blood
L !
N
::‘ vessel of radius R.
K
o . . . .
B The first case assumes a 40mm thick sample with a 2mm radius blood
e vessel. Figure 16 depicts the transmittance graphed against Ye which is
o
»
:::' the y coordinate of the center of the blood vessel. The movement of Ye
)
:f:. simulated scanning of the sample with the source. All transmittances
-4
> are normalized by the total transmittance obtained with no blood vessel
;:: present. The symbol TD represents the transmittance without regard to
]
U
,3'5 either the time or position at which photons emerged from the sample.
~ @ The symbol T, indicates the transmittance received with a time gate of n
)
‘_':.. picoseconds and Tn q Fepresents a transmittance with a time gate of n
N ’
::5 picoseconds and a detecting aperture diameter of m millimeters. The
" detecting aperture allowed for spatial resolution. In all cases the
) g ape pa
l'.‘
:::~ aperture or "window'' was centered on the illumination axis.
W
:* From Figure 16 one can see that transmittance decreases as the blood
e vessel is moved closer to the axis of illumination. Based on a formula
ol
)
:" for the contrast (C) given as
3¢
E? . 4 - Mmimmum of transmittance
® C = maximum of 4ransmittance
"
)
8
;‘ A the contrast for Ty was
.80
."i‘ » C -= 1 - _O__%__ = O.Z
.': ;) f. TD 1-00
I
R
o -55-
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Figure 16. Variations of normalized transmittance values as a
function of ordinate of the vessel center Ye when a small vessel

(R = 2mm) is displaced in the core of a thin tissular slab (Xmax = 40mm)

(24:311). Curves are plotted for values of transmittance Tys Tsy Tyg»
and Tg , , (see text for explanation of symbols).
’ L]

Legend for graph: '
. TD Xmax = 40mm
| T5 Xc = 20mm
JAN Ts 5 4 .Time Gate = S5ps Aperture
res Diameter = 2.

Xc = 20mm indicates blood vessel was at constant depth in the middle of
the sample.
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] o o - h hinktnltinithdandtiainiainie
o
Y
v
e With a time gate of 5 picoseconds (without filtering with an aperture),
O .
":E:E &3 the contrast was

: - 0.37
::é:: CS =1- Joo0 - 0.G3

] .
e
et
';'.
'S‘o'!
L;'?'i Similarly, for a time gate of 10 picoseconds (no aperture),
i
gt
b 0.52
e ClO =1- 1 z 0.43

.00

,;::'.‘
f:u:'.',: The curve in Figure 16 denoted by a diamond symbol A) represents
BN
«f::::: transmittance values obtained with a time gate of 5 picoseconds and an
iat it
,‘_ aperture window of 2.4 mm. In this case the contrast increased to
el
i 0.23
Lty
ey =1 =2 = 07
BE Csas 1.00 !
3 o
g
o:’,;:' The second case of simulated transillumination assumed a tissue
Y.
)
:::::: thickness of 80mm and a blood vessel of radius R = 4mm. Figure 17
| M)
v"%, depicts the transmittance values obtained wheh the blood vessel was
L)

%)
'.:o‘.:"a moved laterally across the middle of the tissular slab. Contrast values
%, !‘. !
) .
‘?::; obtained were Tp: G = 0.20, TlO: ClO = 0.65, Ty5: Cyg = 0.50,
® . =
e, Tyg: Cyg = 0.45.
.'
:c",: Figure 18 represents the transmittances when the blood vessel was at
"l }
0 a distance away from the source of 60mm (20mm from the unilluminated end
’ of the tissular slab). The contrast values obtained in this instance ,
DS )

P - o = . =

¥ were Tpy: G = 0.11, Ty4% C4p = 0.40, Ty5: Cys 0.37, Typ: Cyg = 0.29.
; (s In addition to the cases detailed above, Maarek, et al. also
.‘.;. ‘ﬁ‘ simulated the transillumination of an 80mm thick slab with a 2mm radius
:' 0 l. L4
"::::. blood vessel located at the center of the slab. The researchers
..:.::l
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qs Figure 17. Variations of normalized transmittance values as a
0 function of ordinate of the vessel center Ye when a medium-sized vessel

(R = 4mm) is displaced in the core (XC = 40mm) of a thick tissular slab
s (X___ = 80mm) (24:411).
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e Legend for graph:
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;:31 Xc = 40mm indicates blood vessel was at a constant depth in the middle

of the sample.
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"l Figure 18. Same caption as for Figure 17 (24:412). The medium-sized
) blood vessel has been shifted towards the unilluminated side of the
:' tlssular slab (X = 60mm). Contrast is degraded from the case where

= 40mm.
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reported that, in this case, there was only a very slight decrease in
transmittance as the vessel was moved laterally with respect to the
source. The contrast obtained without time gating or spatial filtering
with an detecting aperture was only 0.08. It was reported that time
discrimination could not be used because of ''uncertainties in the

computed results.''(24:412).

Discussion of Results Obtained by Simulated Transillumination

The contrast values obtained by Maarek, et al. incorporate the same
general features one sees in transillumination of a breast containing a
tumor attended by a proliferation of blood vessels. Notably, Figures 16
through 18 indicate a transmittance gradient across the y ordinate which
to the eye would present a shallow region encompassed by a light area.

Maarek, et al. have succeeded in showing that, for the optical
parameters used and the model chosen, the technique of time gating
coupled with spatial filtering by a detection aperture may be able to
increase the contrast obtained under actual conditions of
transillumination. The best improvement in contrast obtained with time
gating and spatial filtering was 577 over that obtained without time and
spatial discrimination (see Figure 14).

Maarek, et al. caveat their study with the remark that "...Because
of the present lack of experimental data on the optical parameters of
biological samples other than blood, we have used a model with the
assumption that only intratissular blood cells interact with photons,
which.could have resulted in overoptimistic results.' (24:412).

It will be shown below that, though the Monte Carlo study gives
somewhat higher transmittance values than those obtained experimentally
in diaphanography, the difference is certainly not so great as to throw
fundamental suspicion on the Monte Carlo results. It will also be shown
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that the results obtained theoretically in Chapter II show a close
agreement with the Monte Carlo results described in this section when
the same optical parameters and thicknesses of tissue are used.

As an analytical tool, the Monte Carlo simulation technique has
several advantages and some disadvantages when compared to the
theoretical approach presented in Chapter II. The simulation allows one
to keep track of paths traversed through the scattering medium thus
leading to the possibility of time domain analysis of the scattering
process. This feature led to the time discrimination technique which
resulted in the noted improvements in contrast. The Monte Carlo method
also gives one the capability of determining the probability density of
path times and lengths from an output such as that pictured on graph b
in Figure 14. Thus, one again gets greater insight into the effect of
the scattering process on path lengths. The theoretical analysis
(Chapter II), however, provides for a more general conceptual
understanding of the relationships between multiple scattering and
transport processes (eg. the Fourier transform relation between the
correlation function and the specific intensity). The mathematical
approach also allows for a quicker calculation of the effect of changes
in optical parameters, wavelength, and thicknesses of media.

Comparison of Transmittances Obtained by Monte Carlo Simulation
and Theoretical Calculation

To provide some comparison between the results obtained by the Monte
Carlo simulation of Maarek, et al. and the theoretical approach in
Chapter II, the calculated value of the angular spectrum of the specific
intensity IC7}6b will be obtained for the same optical parameters and
tissue thicknesses considered in the Monte Carlo method.

The calculations of the angular spectrum I(zf?) are based on the

formula

TR VT T




, 1(70)=Texpem)OO) + Looprmimexpi-T(t-W)- 3#"1 (23)

0

v::. which is valid for large optical thickness 7 (20:300). To obtain the
i total intensity received in 27Tsteradian in the forward direction,
I(T,e) must be integrated over values of from zero to 7I/2. Knowing
t that

o d3 = sinfcosfdG

and neglecting the small quantity Ioexp(-T) 5(9) one gets from equation
. (23):

@, /2
e I(70) = LI,/ mff xpl-0psin O/ Tlsinbeosfd (5,

) The albedo W, has been set equal to unity as the particles (blood cells)
A
;;'.:' are virtually non-absorbing at >\ = .632%111.
W
K ] .
.,;: From equation (24), 7_(_/2
[ ]
T(0) = TeQp/mT) (1/27/p)exp[-apsinG/7]
0 h.
. o
R
= - 1o
. = — == exp[~ap/T - 1
3 S EXP[~Otp/ (25)
[ .\:
>
b
;" -:33,':: The quantityaz = 2.66(D/)\)2 for large particles where D is the diameter
: =,
'.:§ of a particle and >\ is the wavelength of radiation. The scattering
B
e -62-
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blood cells have a diameter of approximately &lm and 7 is calculated

from the formula:

where H is the hematocrit, Ve is the volume of a single scatterer
(blood cell) and 2 is the tissue thickness. The volume of a blood cell

is

Ve :'7T'(E»625213
= (7/2/_1m)2(2-,um)
= 7Q3f37&11n3

where t is the thickness of a blood cell which is approximately %1“'

(19:63). The scattering cross secthmwcg is obtained by linear

extrapolation from data published by Ishimaru (19:66) on the scattering
. _ _ 2

cross section of blood cells. For )\-‘ .632&111, O'S = 60.(1171 .

Substituting these parameters into equation (25) gives
- 32530
I={l./zm)exp(- s -1)

= Oqu Io 2T

Then, since intensity is measured per steradian, one obtains for a flux

P in 27T steradians:

P=019GI,

for a transmittance value of 19.6 percent. This value is in fairly
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close agreement with the transmittance obtained in the Monte Carlo
simulation of 21.4 percent. Accomplishing the same steps for a tissue
thickness of 60mm one obtains a transmittance of 13.5 percent according
to scattering theory. The Monte Carlo method obtained a transmittance
of approximately 10 percent if it is assumed that the number of input
photons was 30,000. For an 80mm thick sample the calculated
transmittance is 10.3 percent while the reported Monte Carlo value was
only 3.8 percent. In the case of the 80mm thick sample, the number of

input photons must have been approximately

N; ~ (1/2)(38)(60) photonis Teceived
0.03%8

= 30,000 Pho‘f— O1LS

It is difficult to assess the exact nature of the relationship
between the theory developed in Chapter I1 and the Monte Carlo method.
Nevertheless, it is clear that the two approaches agree fairly well as
long as tissue thicknesses do not become too large.

The reader should note that conclusions based on the comparison
given here between the theoretical and Monte Carlo approaches should not
be carried too far. The comparison does, however, support the notion of
a general agreement in results of the two methods. In particular, the
Gaussian approximation to the phase function for forward scattering
seems to be essentially valid based on the analysis given above. Again,
it must be noted, however, that for very thick biological samples the
results of the methods diverge.

To conclude this section, a comparison of the transmittances

obtained in the Monte Carlo tissue model with those obtained under
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actual breast transillumination would be useful. Table II presents
Qﬁ%ﬁ optical densities (38:V-9) obtained under actual transillumination.
The values Dg and D are the optical densities obtained using
narrow band filters with transmission peaks at 540 and 650 nm,
respectively.
The mean value (X) of D_ of 0.83 given for 25 women with normal

breast tissue gives a transmittance value T = 10-0’83

= 14.8 percent.
It is possible to compare this value with transmittances obtained via
Monte Carlo simulation and scattering theory despite the fact that the
Monte Carlo tissue model had only a 0.05 value for the fraction of
volume taken up by scatterers (and is therefore, not a dense medium) and
yet breast tissue is relatively dense. Recall that the equation for
scattering strength

A% Y

° :%oé, = w(:;/—W)O's

o

is symmetric about its maximum value of w = 1/2 (w = volume of
scatterers as a fraction of total sample volume).

The equation for/DnCB shows that the values of w = 0.05 and
w = 0.95 gives the same values of scattering strength. Thus, a comparison
between transmittances obtained by Monte Carlo simulation and actual
transillumination of breast tissues is not unfounded. In particular,
the approximate agreement of transmittances obtained by simulation,
theory, and actual transillumination lend further support to the
contention that scattering in the breast is primarily forward directed

and is due to particles somewhat larger than red or near infrared

wavelengths.
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1 TABLE II

<
[J
f':"'
s 7
A

OPTICAL DENSITIES

o Optical density values. Dg and Dr’ obtained from diaphanograms

N of 110 women with breast cancer and 1. - women with benign breast

. disorders. The miscellaneous group consisted of two women who had lymph
W nodes and one woman who had a lipoma. X = mean value and

$; SD = standard deviation.

e Histologic Visual interpretaction No. of Optical density*
classification of diaphanograms patients

;?b Dg Dr

b |
w
o
b |
wn
(=]

Cancer Dark-shaded area 42 2.87 0.42 2.03 0.86
e Light-shaded area 52 2.25 0.49 1.12 0.56
e No shaded area 16 2.16 0.58 1.19 0.75

Fibroadenoma No shaded area 37 2.01 0.58 0.84 0.53

Ay X Mastitis Light-/dark~shaded area 2.38 0.43 0.93 0.46

R (f:i Miscellaneous No shaded area 3  1.69 0.40 0.56 0.07
Mammary duct

a
gs ectasia/Fibro-  No shaded area 82 2.08 0.47 0.68 0.24
K} cystic disease !

~

’H Normal breast No shaded area 25 2.02 0.59 0.83 0.50
tissue

*Expressed !{n density units

~v, ( 38:V-9 )

o
&

L) .
VAT T d BT A ~,
RN DU .l‘.'l'.‘.l' I OO .‘l o‘l'o

e » 1 . e » LA AT \
O O L e e e s O o Ot it O R O T M T ot R D Bt SN




st
»

¢

¥ A Implementing Monte Carlo Simulation Using the Gaussian Approximation
}S 638; to the Phase Function.

:t It would be useful to implement a Monte Carlo simulation of the

;- scattering process in a way which ties Monte Carlo results closely to
%: the scattering theory presented in Chapter II. The motivation for doing
% so comes from the consideration that the improvement in contrast

;, experienced by time gating and spatial filtering (TGSF) of the

3{ transillumination output could then be translated mathematically into a
‘?. reduced optical thickness?rR. This reduced optical thickness of a

a tissue medium with the same transmission characteristics of a medium of
i?. thickness where the scattering cross section(jé is reduced in

L ¢ magnitude. In other words, TGSF effectively produces a "mew' medium

§ with reduced optical thickness 7&. It is suggested that, using this

,: " reduced optical thickness, one could again apply the scattering theory
'; o of Chapter II to determine the feasibility of mathematical image

E processing on the new’Tﬁ medium.

Ko As a first step in this direction, the following is presented to

i: show how a Monte Carlo simulation can be created incorporating the

%; Gaussian approximation to the phase function p(s) which describes the
? distribution of scattered radiation.

- In capsule form the steps involved to implement the simulation are
;3 (1) Introduce a photon into the medium at position (x,y,z = 0),

ia (2) Calculate the path length 1 to the location where the next

, scattering or absorption event takes place,

EE (3) Determine if the photon is absorbed or scattered after

3: traversing path length 1,

5‘ ﬁ%;’ (4) 1If the photon is absorbed, stop and input a new photon,
-, - (5) 1If the photon is scattered, calculate the direction (é%(b which
'ns

1

1. -67-
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? ) the photon takes, and

g @ (6) Compute the position (x, y, z) of the photon to track its

;. progress through the medium.

TEE The probability density functions needed to calculate 1, , and at
:: each scattering event are

3 Py(1) = exp( ) F 5 0¢1¢ 00,

. _ 1 g F o
,. B = gy R 0<0cens

g Qa(‘p): 1/zm 5 o<pcam

;?‘

’.' a where 1 = l/nO; is the mean free path length (n is the total number of
_'v %' scatterers). Note that the integration to arrive at ;9(5) was over

: limits from O to©owhich is a valid approximation since the contributions
’, to the integral for large are negligible. For pl(l) and ;p(@)

7;.' exponential and Gaussian random variables would have to be generated

" from a random variable uniformly distributed over the interval from O

‘ to 1 as generated by a computer. The values of 1 may be calculated from
3 the equation

: 1+ a1/ )] o
.

‘. where u is a uniform random variable distributed over the interval

0 <u <1, The values of ecan be calculated from an approximation

listed by Abramowitz and Stegun (1:932).

To tie the results of the Monte Carlo method outlined above to

IR
A

S scattering theory as developed in Chapter 11, the output flux as

‘ predicted by the angular spectrum of the specific intensity could be
]
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fitted mathematically to the output flux of the obtained by Monte Carlo

simulation with TGSF. If all the same optical parameters are used in
the simulation and in the scattering theory, the difference in the
fluxes predicted by simulation and theory becomes a function of optical
thickness 7.

To accomplish this mathematical fit, however, the output fluxes of
the Monte Carlo simulation with and without TGSF must be normalized
relative to each other to insure that a reduction in 7 (T -> 7"R) is
actually obtained. To see this, consider typical transmission curves in
Figure 19 for the same medium with and without TGSF. If one does not
normalize the outputs in graphs (a) and (b) in Figure 19 it can be seen
that a medium corresponding to graph (b) without TGSF would be one with
a larger optical thickness than in graph (a) because of the reduction
in total transmission. However, one would expect that if effective
scattering is reduced (artificially by TGSF) then graph (b) would
represent a medium with reduced 7 .

Therefore, the areas under graphs (a) and (b) in Figure 19 should be
normalized relative to one another to produce equivalent transmission
values as shown in Figure 20. The areas under the graph (c) and (d) in
Figure 20 are equal and, consequently, represent outputs with equal total
transmission. It can be seen that with transmission normalization,
graph (d) must correspond to a medium with reduced optical thickness'rk
because the spread of intensity in graph (d) is decreased with respect
to that in graph (c). If one fixes particle density/?n and physical
thickness Z, then the reduction in the spread of intensity reflected in
graph (d) corresponds to a reduced scattering cross sectior produced

by removing scattered photon noise by TGSF. Consequently, the actual
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Figure 19. Typical transmissision curves obtained via Monte Carlo
simulation. Graph (a) shows the transmission obtained without time
gating or spatial filtering at the output (note the large spread in
;b photon intensitxﬁ;yl). Graph (b) shows transmission obtained with time
".

1S
o
0

£ gating and spatial filtering (note total transmission is reduced as well
as the spread of intensityZ&yz).
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& Figure 20. Normalized transmission curves obtained by Monte Carlo
R simulation. Areas under the graphs are equal (identical total
I transmission values). Graph (c) shows transmission obtained without
time gating or spatial filtering. Graph (d) shows transmission obtained
with time gating and spatial filtering.
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optical thickness'Tg
Z%(O;J' %)Z (27)

becomes the reduced optical thickness‘Tk:
r
- +0.
T =R(Gt%)z (28)

where O‘s' <O,. It remains to show how the value of O;' may be

obtained from the equation for the angular spectrum of specific

intensity 1 (7,9) :

1(78) = (L. /Zﬂ)fqdq Jo(qsinB)exp {'T[l' Weexp( 7%%)]; (29)

which is obtained by Fourier transformation of the correlation function.
Let the total transmission (or flux) obtained without TGSF be denoted by

Tl’ then

T = Nl(gi\dei (30)
1

where N1(6%) is the number of photons received in the output plane as a
function cﬁ'é%_==tan -l(yl/z). The integration is carried out over the
angle , (the angular extent of the intensity in the output plane). The
subscript 1 in equation (30) identifies quantities corresponding to
an experimental arrangement without TGSF. The symbol Y1 is the
coordinate axis in the output plane perpendicular to the illumination
axis.

Similarly, let T2 be the total transmission in the output plane with

TGSF, then

T, :£N1<92.>d91 (31)

AW T BT N S VLR Y - Y, R I S ) *.\.n..u-'.» V"n.“g.!‘ o S LR




WY L_a: 8 4k ot <n aie avs e te b NAL e ia r.arvvrmmWWIWW“r“!vv"rv.T

RN where the subscript 2 identifies a quantity obtained with TGSF. If FN

is the normalization factor, then
T, = B, TR (32)

where T1 is a quantity determined by simulation. The total transmission
(flux) T, has been integrated over 92 leaving a quantity which is now a

function of TR alone. From equation (29) one obtains

I, (%)= %/_; qu_.TO(qsine)exE —kai'wfxf('%)] (33)

€+ %)Z 3

Since [)n, O;, and Z have been set the same values for cases with and
without TGSF, TR is a function of O'S' (a scattering cross section
reduced by TGSF). Therefore, equation (33) for the specific intensity
states that I(TR) = I(Oé').

Finally, since Ty = 2 I;, and T, = 2 1, O_S' may be determined by

solving the equation

I(q)) = L1/8, (359
for O'S' where
00 , qz
- I1<US'): Z:F_rrg_ffqdq.Jo(q_Slne)eXf {"%%Z[l’wOeXE(EE)]} (36)
46, °©
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and(jg has been set equal to zero for a (relatively) non-absorbing
medium. Equation (36) can be solved numerically.

Once(j;', the reduced scattering cross section is obtained, one is
then presented with (or, so it may turn out) a new imaging problem to
which the equations for the limit of resolution may be applied. Of
course, the hope would be that the reduced optical thickness‘Th is low
enough that either a reasonable image may be obtained, or that
mathematical imaging processing could be reapplied with reasonable

expectations of success.
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1 - IV. Conclusions and Recommendations
AR
S ~
Imaging tumors of the breast by transillumination proves to be a
R
tag challenging problem - and this for principally two reasons:
\'l
ot (1) Noise generated by the scattering process is not additive, and
-a? tat
V) (2) Breast tissue has an extremely high optical thickness.
\ﬂ
'~$ Point (1) above sets fundamental limitations on methodology.
ﬂ'.}
o Because the coherent or average signal is physically converted into
e
{ noise by scattering, matched filtering or averaging techniques are not
.x? likely to succeed in improving image quality. A highly scattering
()" .,_'
o : . . .
g : medium very quickly destroys the average signal bearing wave and,
o
A%
Y consequently, after a short propagation distance, there is little or no
A
d ) . . . .
3ﬁﬁ signal left to match. Also, techniques based on averaging various
3 g ’ g1ng
\
‘i: outputs suffer from the lack of a coherent field so that although a sum
§ -
.99, (7 %
{ ° of outputs (perhaps at different illumination angles) could in principal
o
:K: reduce noise, the result of averaging would not be an enhancement of the
'
[) -
A%j coherent image since any coherency is virtually gone.
...l.
D Point (2) addresses the high degree of scattering which light
e.' h
‘:: undergoes as it propagates in breast tissue. The optical thickness
ﬁs determines the severity of the scattering and, therefore, the minimum
el
physical thickness through which one might obtain a reasonable coherent
o
198
:}ﬁ image . For the aperture and focal length of lens chosen, the value of
g
DS -
‘:i for which a coherent image could be expected to be obtained was 20.08
3¥1.39
while for the biological medium used in the Monte Carlo simulation was
]
N nearly 750. It is believed that the 7 for the human breast would
:ﬂg likewise be very large.
4.
oy Thus, one is led to conclude that because of the lack of a coherent
X P
tﬁ - signal in optically thick tissues, the image obtained by
o
e -75-
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e
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transillumination can be improved only if some physical process to
mitigate the scattering is first applied. A technique designed to do
this is time gating and spatial filtering (TGSF). Using TGSF it was
found, that under some circumstances, an improvement in contrast of
77 percent is theoretically possible.

Since the Monte Carlo simulation done by Maarek et al. used a dilute
blood sample as the scattering medium, it can be expected that some
differences would exist between the results obtained by the Maarek et.
al. Monte Carlo simulation and a Monte Carlo simulation of breast
transillumination. Thus, a Monte Carlo simulation designed specifically
for breast transillumination could prove to be of value.

Such a study could be used in principal to test the applicability
various models and model parameters. Also, following the implications
of the last section of Chapter III, it might be found that a particular
time gate and spatial filter could produce a reduced optical thickness
7h for which mathematical image processing is a feasibility. Of course,
before any such scheme can be entertained as a possibility, it is
essential that experimental data be obtained for important optical
parameters of breast tissue such as scattering and absorption cross
sections, and particle densities, concentrations and dimensions. It is
recommended that if further research is conducted on improving imaging
in breast transillumination, that it be done in three phases. The first
phase should concentrate on gathering data as described above. The
second phase of the research should conduct Monte Carlo simulations to
determine the reduced optical thickness'Tk which can be theoreticall,
achieved by TGSF. The third and final phase should be devoted to
determining the feasibility of and quantitative efficacy of mathematical

image processing using the medium with an optical thickness7% reduced
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by TGSF.

T Finally, the reader will recall that one result of the discussion of
the scattering model in Chapter I was that improvement in
transillumination imaging could occur by simply detecting photons a
1.2;1n. There is a transmission peak at this wavelength in human
collagen of the dermis. Since the fibrous material in the breast is
also collagenous, it is reasonable to suggest that experimentation on
breast transillumination at 1.2?1n would show increased transmission
through structures surrounding cancers while yet retaining the feature
of high absorption in the water-bearing plasma of vessels massed about
cancers. An increase in contrast, then, should be detectable in the
image plane. It is recommended, therefore, that transillumination with

detection at 1.2%1n be attempted.

.

A

-77-

-y - Iy > " e >
J m@g o .\i. uu'::‘ ::"‘:J‘.h‘ \"J rl’b(‘rm‘-.;‘}' MJ.L)!M“G!.



& . . .
A Appendix A: Multiple Scattering Theory
N . A
‘:! -.'::.-:
/et
r
. The following development of Twersky's theory is based on Ishimaru's
N
p }_f formulation. Consider a random distribution of N particles located
l.~
' at point vectors Iyy Tpyeeey IN in a volume V. At this point, no
[ M0
i;,". specific assumptions are made concerning the size or shape of the
)
E:,.‘ individual particles. Also consider a scalar field]’pa at r, (ra being
)
.:::‘.' a point in space between scatterers). The field l,[/a satisfies the wave
L
- equation
R n
2z 2 -

2 (V<+ k )gb =0 (37)
WX
N where k = IV A\ is the wave number describing the propagation

1
.4 characteristic of the medium surrounding the particles (20:254).

Jﬁ
a If@ia is an incident wave (''i'" meaning incident and "a" indicating
3, L]
) »
WO . location ra) in the absence of any particles, the fieldsba is then the
7. ‘.. sum of‘ﬂa and the contributions U 2 from all N particles located at

) 1 s pa

0

i
o some point r_, s = 1, 2,...,N. ,
ot S N :
;"|' a _ 3 a
% Y= v, + Zus (38) !
‘ ). I=1
o The symbol USa indicates the field contributions at a point r, :
o

3 (upper index of U) from scatterers located at various points r, (lower
.‘ »

0 index of U) (20:254).

o The sum over USa Z;Usa) is, then, the wave at r, due to all scatterers
s

73
,.,:: in the volume V. This wave may be expressed in terms of a wavegos
P

x .

° incident upon a scatterer located at r, and a scattering characteristic
9.
o usa of the scatterer located at r, as observed at a location (between
B
tigt scatterers r.. In mathematical form U 2 is
'G. a S

f B Uz - el

J” ‘78‘
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where usa is taken to be an operator so that the symbol usa S does not
indicate a product (in general) (20:254).

The "effective field" field incident upon a scatterer located at a
point r, is (20:255) s . N
Y =@ +Zut5 (40)

t=0

145
The case s = t is excluded from the sum in equation (40) since a

scatterer does not contribute to the wave incident upon it. Figures 21

and 22 depict the quantities thus far described.

0 ‘/@
el > A Usa (at ra)

Figure 21. The wave Ug 2 as the sum of the contributions from an

incident wave@ and scattered waves from particles 1, 2,..., s,..., N
(20:255).

. a .
Figure 22. The wave ug Qﬁ at r, due to the scattering of wave(pg by

a single particle S (20:255).

Combining equations (38), (39), and (40) results in the following

expression for the f1e1dw

a t
= = ¢, +Zus(<\0 +Zut<ﬂ) (41)
t*s
Equation (41) may be iterated over (Jand thereby include the effects




w.’ ’T
v
A gl
e
SO of an ever increasing numuer of scatterers. If such an iteration is
oy \t-:':
e carried out, U&a becomes (20:256)
N N N

) - t At Y m
- V=4 *Z;““wi + ) i)+ IRAY) (42)
2 . 51 ¢4, P, 1
Ay The first term in equation (42) is the incident wave at r. The
'
:'ﬁ. second term is the contribution toHL? from all single scatterings from
' l
55. all the scatterers s =1, 2,..., N. The third term represents the
)
N
L}
; scattering contribution toHL? from all double scatterings. The terms in
% ) equation (42), then represent the scattering contributions from all the
b
k:, single, double, triple and multiple scatterings that occur in the random
D)

.
el medium. See Figure 23 for a depiction of various multiples of
o
‘Li scattering.
"}: 951 - I,
¢P.~ ------------ > . ra (’

g g s t
gz i i s
A SN & N DD D Pt >
s Ts Tt

g
‘Ij (a) single scattering (b)double scattering
oy
O . I s r .

: ) Q%ﬁ] C§/rt !
) i |

oy !
;a r r, |
3 (c) triple scattering (d) triple scattering with

B propagation through particle at

| r, more than once.

o. t

Figure 23. Multiple scattering (20:257).

Note that the term corresponding to s = m is nct excluded from

- equation (42). The case of s = m represents paths that go through a

given scatterer more than once. To mathematically illustrate the




concept of multiple scattering through one particle the fourth term in

equation (42) may be wrltten as

N N

t m
DI P ARy S
s.l“ mat ST L e Nt e et

The second term on the rlght 31de of equation (43) %as conflated to a
double sum since the sum is over s and t and m = s (20:256).

Twersky's theory does not include scattering through a single
particle more than once. As Ishimaru states,". . .Twersky's theory
should give excellent results when the backscattering is insignificant
compared to scattering in other directions' (20:257). Even so, in other
cases where backscattering is present to a more pronounced degree, the
difference between the Twersky scattering process and an exact process
(including multiple paths through a single particle) becomes small as

the number N of particles grows large (20:258).

TABLE I1I
EXACT THEORY AND TWERSKY'S THEORY

Shown in the table are the number of terms included in the exact
scattering process and the Twersky process. As N (the number of
particles% grows large, the difference between the exact process and
the Twersky process becomes very small.

E = Exact T = Twersky Difference
E-T
E
8 1 1 0
Single Scattering N N 0
Double Scattering N(N - 1) N(N - 1) 0
Triple Scattering N(N - 1)2 N(N - 1)(N =2) 1
N-1
Quadruple Scattering N(N - 1)5  N(N = 1)(N = 2)(N - 3) (3N - ?
N=-1
(20:258)
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A8 For convenience, the mathematical form of the Twersky process is

l f;§ written here explicity
’
Vy =0+ Z«?p DY utueF 430 ubul U

< > s S e

Sm

p oA (44)
. Integral Formulation
X The development so far presented is useful for a conceptual

N
:,: understanding of the multiple scattering process but does not lend
!.‘
,"‘ itself to use as a tool for determining quantities in practical
& problems (20:259).

v
W To make the theory practical, Twersky derived an integral
'! formulation of his theory. Consider a random medium consisting of

(s particles all of which have the same statistical characteristics
;: described by a weighting function w(s). ''The variable s designates all
", }
{u 6: of the characteristics of a scatterer s such as location (rs), shape,
o orientation, and dielectric constant' (20:259). Since all the
K
g scatterers have the same statistical characteristics, w(s) may be
DY

. written as

- wesy = w(E £)) (45)
<

o

) wheress represents all the characteristics of the particles with the
3 exception of location (20:259).

' If we now have some random function f which depends on all the

& scatterers we can express f as (20:259)

- (£> =ff‘ . 'f(f(f)) w(w(z)-- ’W(ﬁQ‘"W(T‘;\dﬁ“'dr‘n (46)

where <f(£)> represents the average of f corresponding to scatterer

@ characteristics other than location. One can then write

s ]
.o.' Ak v‘ .n.' Al

b 0 0 » O ) Q Of 050 ) v \
o, .9".{“,.&0.',- ‘.n.?.c,f.l WS '. H e '.o ',0 '.o'l.i".u ML) Q'l.o" ‘- ot o'_u.‘j.;*‘,.".",l.-f',.".-",. DN ",o’!"‘m '.o",n" (N l" e ,'l v



bndiin it labe hnhia b dad Ankink Al Anflafdall Sialded dnd Sad el el el ld ol ded-ldhdaf Sl Al |

h ]
S'. . .
u:' Number of sc}ttcrc'r‘s wdx'thm
‘ w(?)df = Vo(umt V:drs'—- d‘st5 ‘S
! 3
o ® total number of scatterers
B in V
)
O A
\ .'5:"’
j = p(I‘,)AT‘s (47)
k.- N
&
‘.‘
! wherep(rs) is the number of scatterers per unit volume (20:260).
o :
o The average of f is (20:260)

N (£) =[f.f<{(f)) p‘:ﬂ . /’Sﬂ @%@ ... Q%—‘ld?;.-d.‘r;

&Y

R ___ff/[({(&)) /)('{13 /3(";.) ;\{n P(‘@' ‘* p(;") Aa#n (48)

A

®

In the development above, it is assumed that the scatterers are (to
:' ’g& within a good approximation) statistically independent of one another.
.{-," For a biological medium, investigators assume this to be the case for
E: wavelengths in the visible and near infrared. This assumption may be
\ supported by a consideration of the far field of a particle. For a

: collagen fiber (diameter 2 D=<100nm) the far field is D2/>\= 0.0hm for
,_; a value of >\= ]#m To put this in perspective, a distance of 0.0hm is
; 700 times smaller than the average diameter of a red blood cell. Thus,
*' the fibers do not have to be a significant distance from each other for
.t\ the far field approximation to be accurate. In this case it may be

: concluded that statistical independence is a good approximation. Later,
i N it will be shown both qualitatively and quantitatively that when the

*' density of scatterers becomes large (and the distance between

:": scatterers is small), the character of the scattering process changes
;'; ‘@: significantly (scattering, in fact, decreases).

: Given the expression for <f> in equation (48), an equation for the
. -83-
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various scattering terms in Twersky's equation may be written. First,

from the equation foryL?

(5[/1) Y "'Z(‘usw )+ZZ<1L (p"’)-;-ZZ (‘us'u ﬂm(p (44)

S‘(t‘l may
uS ts

consider the second term. This term has the integral form (see equation

48)
N N
Lot =) [mbpiaEaan
$=1 s=1
a N p(?‘s)dr

f(uﬁﬂ ) + U P e U 2%

j[iq 95)5 /3(733 d-*

- / WA PR

(49)
The third term in equation (44) becomes (20:260)
N N
) eduie) =)y [[utips PEDE 44
s<{ {:« s:t:a N?* (50)
t4s

Since there is one less term in the sum over t as compared to the sum

over s, equation (50) results in

ﬁ(u:’utwlt):/];‘(”"l)u?uf p(?;\:p(r{:) AFSA?

t
8:=4 t=|,
tvs

‘N‘Nlﬂ uPudpy” PO AR 51)
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-
0N For large N (which is the case in breast transillumination) equation |
.b: .'.-\_ |
po's .':: (51) becomes ‘
'A. :
as t » - - —
“ ffus u3p; P () diidi
‘P.
2: In general, the terms in equation (44) generate multipliers of the
. integrals of the form :
R
ok M NN-D(N-2) - -- (N= (n-2)) -
s = n-1 52
" N
4
: where n indicates the nth term in equation (44). Since the highest
E degree terms in the numerator and the denominator of equation (44) are
-
s: Nn-l,
.b:’
e,
- lim M =1 (53)
* y "\..AP, N’w
{ o
» Therefore, the in}ebral expression for ¢/ is
N a A NnSArENI= B, SAt A2\, =\ o>
F: <L//a> = @, +j UsP; P (F)dry + //usutwi P 0L dijdi
Y
a_, S (0
- - — —n -—n —
-~ s ""fj;is ut '\L:@l p(fsw (ft)/) (rm)drsd rtd';ﬂ
2 PO (54)
.
:' . S t - - . .
:: Recalling that (ﬁ)'—' Qoi +/’U.ti0-3‘ (Q)JQ one can write equation (54)
R
t": as a a a
" W= O+ [uiypEds 55
SN Iteration of equation (55) results in equation (54).
S
X Equation (55) represents the fundamental equation for the coherent
)
K
(average) field in Twersky's multiple scattering theory and is the major
RS . .
T result of this section.
é‘
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Appendix B: The Correlation Function

Twersky's integral equation for the correlation of the field in a
random medium at points r, and r, is consistent with equation (55)

developed in last section (20:263). The correlation function i¢ﬁ¢9*> as
derived by Twersky is (35:99)

GV [ apteeds

where

Ve = ud +/u§‘vst/3(r’c>dﬁ o
a

Vg will be referred to as the multiple scattering operator.

If equation (1) is iterated in accordance with equation (2) the

following expansion results:
<¢au./b*> - <l,[/l><',1/b*> *[Vsa’vs" KlpS}l ?.[J (?S)dr'i
* f f v Mo v S YD PP (FYn(rdrsdie

f v VRSV y TIINLATICA I

1
| x dE drde,

+. L 4 L]

The first term of equation (56) is the vrudint
at r, ard the com_lex conjugate of the coher
The second term represents ti.e wave dt r
field at r, t'uwough the mecha 15
generated by the complex cor i, e

. t
the mecru.iism of L

h . .
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g Figure 24. The vsa scattering processes giving rise to the field at
. r, (20:264).

i: Based on the development thus far, the relation between the

% scattering operators usa and vsa becomes clear. In heurisitic terms,

¢ the scattering operator usa represents the radiation from r, tor,

E through free space, whereas vsa represents the radiation from r, tor,

ﬁ through multiple scattering (20:270). 1In order for the theory to become
: iif% useful the mathematical form of vsa (the multiple scattering operator)

3 must be obtained. Consequently, the next stage of the mathematical

é formulation of the scattering problem will be devoted to a determination
’ of vsa based upon (1) a reasonable approximation to the form of usa

ﬁ (the free space scattering operator and (2) the relation between usa and
; vsa given by equation (2) (20:264).

U
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L Figure 25. Scattering process for equation (22) (20:264)

b, (a) represents scattering for the first term, (b) for the second, and

g (c) the scattering for the third term.

) .ﬁ"‘

! ’

! The reader will recall that the far field approximation was assumed

:‘ for the scattered field. Envoking this same approximation the wave

)

) a s . .

RN ug w> may be written as (20:266)

E: ua<¢s> - f<3 3‘.) exp(iK“’;-Yesl) <¢S> (57)

‘4 - 7 - Py 57
3 ¥ — sl

2

ﬁ where f(G,'i\) is the amplitude scattering coefficient for a single

‘O

; scatterer. f(6\,/i\) represents the amplitude of the 6\component a field

¢

1/7 > incident upon a scatterer from the direction ,1\ and scattered into the

D>

: direction 9 (the symbol € is chosen to indicate a direction of

[}

N observation). Given the expression in equation (57) and the relation

h -'gz'_ between usa and vsa [equation (2)] it is possible to calculate the form

‘.' )

]
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of vSa. First, from equation (57) write usa as (20:266)

ul = f(5Dexp(RIA- )

and by extension, for the radiation from another scatterer at r, to
location r, one gets
A4 K| P -
a expa £
ﬁit‘=£(1n413) Pé _3' )
Ia- v | (59)

Figure 26 illustrates the physics of the problem. The solution to

the problem of finding vsa consists of solving the following equation

s~ (2)
r
A
t i
at
1
ts r
a
0
A
i -
s e
- r
s
Figure 26. The scattering process for determining the operator v a

(29:269). The problem consists of integrating over all contributions®to
Ve from scatterers located at all positions r,.

To proceed, it is first assumed that[)(rt) in equation (57) is
constant. This assumption can be seen to be valid if one considers that
over a given macroscopic region in the tissue medium surrounding a
cancer the density is relatively isotropic (primarily fibrons with
little fat).

The operator vst in equation (2) may be written as

-89-
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0

N t_,t

A ﬂ; Vs =Wy € s (60)

whereE t. is some unknown function expressing the results of multiple

A

:: scattering. Then, substituting equation (60) into equation (2) the

e

vE:E following equation results (20:269)

W

. d ,00 oo

15:: 'us Ea.s W +jézt,/;de7tu* Ug ftsp (61)

&

e © -o0 -o0

W

) The integral in equation (61) may be evaluated by the method of

oY

;;E;‘ stationary phase (20:287-291) to yield (20:269)

o 00 _ oo

‘ol

N a t

X P“tf dy WUy 4

@

: e @ A A ¥

. ‘O - 6 > .

£ i /d x"ﬁﬁf(lat"ts)f (Bgs,15)

o

LX) ¥ <00 =00 -

. +

g &5 x exp[ik (1+7)]

:?‘ YqY2 ts

l.|' .

X A2 s o 2my (62)
a~TsllOely

A7g

)

A

e

; where rs Irt -rs], r, = 'ra - rt1, andgtS is evaluated at the

EY stationary phase point. The contributions from the regions z, <z are

.'I

:f:. neglected (20:269).

L)

e

) Substituting equations (58), (59), and (62) into equation (61) one

@

X gets li

‘ E =1 + 27T1£63,3)p E Az

8 as K(é.ll) ts t

:;: @. It must be the case thatEas and Ets have the same functional torm such

A" ' s

. that gas -Et:s\zt = z_. The following will show that the form for

N
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B

ets which satisfies the condition just mentioned as well as equation

(63) is

_ zﬂigf(é‘,%)
Ets— k(3-1,) (2,

-Z.) (64)

Substituting equation (64) into equation (63) one gets

2a

- 2Pt (8,8) 2T30£(8,8)

=1 + o)l
as k(3-1,) x"{ (G2 [P

21ip£E,3) 2 pf (8,2 3)
A TR “"Pr k(6.3 3
X e 27Tj,p§@o)
[Z XP[ k(S-?_) zt]dzt
s

_ -2 i 1(68)z 2Pt (58 E 7y Zfﬁl)f(ol)

= 1+exp[ B } exp( oD exp e L

- 2r1pf(88)(2a-2<)

= exp [ HHEAES ]

= E |

ts|, -
2,3 (65)
It is now possible to calculate vsa by noting, first, that by
extension from equation (60)
a a
Y = Us s (66)

Then, substituting equations (58) and (65) into equation (66) one

obtains




i Aoy exp (k|- 21ip £ (6,6)(a-25)
22 s(ah) EPEIAED opp 2mpIER Rty
,.:H: | Sl Y

ol - gD SRUABD o 2mipE 6B IAA oot
[ Keosys

Y _— 24 (3,6)
~ P RS )

3

fud (67)

H A A
*.E Defining KE k+ _z__pr@_,Q equation (67) becomes
’l..‘

. =
v = £31) exp_{lKlﬁ"Tsl)
[ ra—T7s]

0 (o

o At this point the formulation presented in this section has arrived
at (1) an expression for the correlation function (equation (1)), and
!, (2) an expression for the multiple scattering operator vsa (equation

e (68)).
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Appendix C: The Transport Theory

The transport theory is described by a basic differential equation
which is equivalent to the Maxwell-Boltzmann collision equation used in
the kinetic theory of gases. The usefulness of the theory is not
limited to photon transport but has been applied to many physical
phenomena ranging from underwater visibility and neutron transport, to
the propagation of radiant energy in the atmospheres of planets, stars,
and galaxies (19:148).

The fundamental quantity in the transport theory is the specific
intensity I(r,%) (also called the radiance). I(r,8) is measured in

wn 2sr 1z and is the average power flux density within a unit
frequency band centered at frequency }V and radiating in the direction ¢

from a point r. See Figure 27.

&
0

I(x,s)

da

Figure 27. Flux through da on a surface A (19:150).

The amount of power dP flowing within a solid angle dWthrough an

elementary area da (with vector Qb) in a frequency interval

VitoV+dVis (19:149)

dP = I(ﬁ§)co59d&dwd}/ (watts)

(69)
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It is also convenient to define the average intensity U(r) in terms

M iﬁgﬂ of the specific intensity:
o UFEY = (L/4m) 17, 3)dw
g 4m

where the integration is taken over all 4TTof solid angle (19:152).

i If the specific intensity is independent of S, the radiation is

g isotropic. On the other hand, if I(r,8) depends on &, the specific

; intensity scattered by/)ds particles in a volume ds can be expressed in
E terms of the amplitude scattering coefficient by (19:156)

K A A_A' 4
I itered =l£/3cls’f( )\ I1(7%)dw (70)

. See Figure 28.

,: o e ds—q a
S O r ::j::{) ---------- > 8 [1(r,s)]

dan

Figure 28. Scatter1ng of specific intensity incident from direction
s' into direction % (19:156).

where f(?,g') indicates the amplitude of radiation incident in direction

. %' and scattered into direction §.
[
‘: It is convenient to define the phase function p(%,S') according to
3
fb the following equation:
.:.
\"
n.'
f " 4
) “F‘:ﬂ a -— A A'
P p(85) = lf( \ (71)
¢
}
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This phase function provides a quantitative description of the
directional scattering characteristic of a single scatterer (from &
into Q). It represents the amount of scattered power in a particular
direction and has no relation to the phase o! the wave (the terminology

"phase function' has its origin in astronomy). The albedo of a particle

O
WOE&g- (where Gt = G-s + G;) is dependent on the phase function
t
(19:11):

Os 1 (S &7

. e—_ = S, S )dw
4T

Using the terminology and symbology just presented the differential

equation for the specific intensity takes the form

> A

LD - po1G9)+ B2 [ pEANIESHAW o)
4

in the absence of sources inside the scattering medium (19:157). In

general a source term €(r,s) would have to be added to the right side of

equation (73).

Consider the terms in equation (73). The first term on the right
side of the equation is due simply to the losses in a volume ds from
scattered and absorbed power and has the form of the Lambert-Beer law.
The second term represents the added contributions to the specific
intensity from all scatterers in the volume ds.

It is possible to write equation (73) in terms of a nondimensional

"optical thickness'" defined by

T =[po;cds (74)
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:ﬁa‘ whereupon equation (39) becomes (19:157)

d“Id(vT'—g) = —1(7,3) + (sg) f PSEIT(T Sl

o
s
ot
AN
}, The optical thickness will be used extensively in sections to follow
L)
:‘4 and in the calculation of the limit of resolution of an imaging system
o
.ég' in the presence of a scattering medium.
0
:3& The integral form of equation (73) will be used in the following
;., section to derive the relationship between the analytic and transport
.‘. ‘
:ﬁ‘ theories. Therefore, the integral equation based on the specific
02
ﬁg intensity is presented here. Its derivation is provided by Ishimaru
Mok
ﬁ'. (19:161-162). After integration over the total volume V of the medium,
k)
A the following equation is obtained (19:162):
"
8
¥

q:

"
- - Al

U = U+ [ (243010, 8ydw']
i’

) x exp[-| R -¥|] (76)
4T lf;-gl?-

where

3 U(F) = average intensity = (1/4171-)/1 (Fa )§)dw
0 4m (77)

. and

ot U, (a)= average reduced ntensity '=(i/‘_|:'lT )J£ 7ITri (% S)dw
g ® = (44T D exP 17 P o9
4

o -96~

‘' .
EREALONOA AN M SOOI OAUSOCOOBONGOUN DACGBOACAN 3 (] f} 8 ' A X
L “!?.50.')',,!’._!.‘._& I‘.’l‘vfl'.fl’._‘t'.fﬂ,‘.’.'t‘,'p‘,f.’.’o‘ MO 'c','n'.'.’_'.'.'.'{‘.t“,l"."‘."' 0".-".0".0".0 '.0'.."“‘1".0"\0 b, u""o".!".c"'u"'.c".-".-"’.o",.'!..'l:u".."




e where Iri is the reduced intensity which is the result of power losses

‘}¥ ES& from the incident intensity Ii(fB,Q) (fB = point of incidence on the
;5' medium) due to absorption and scattering in accordance with the

f‘i Lambert-Beer law of propagation. This reduced intensity propagates
iﬂ; along a straight line connecting I, and r,, the point of interest.

v )

- Figure 29 illustrates the quantities involved in equation (76).

4oy Figure 29. Physical quantities appearing in equation (76) (19:162).

R {if‘ The first term in equation (76) is the average intensity which results
" from the intensity reduced in strength and by losses due to scattering
! and absorption. The second term represents additive contributions to

the average intensity at r, due to radiation scattered to that point

S from all scatterers in the volume V. Note that these contributions due

- to scattering are each diminished by spherical expansion (indicated by
i ﬁue(%é. )-—_:7_-::-71 factor) and by attenuation (indicated by the
| ¥a- Val

vy exp[-ira - rs\] factor) (19:162).

..:’
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Appendix D: The Connection Between the Analytic and Transport Theories

From the correlation function of analytic theory the intensity may

be written as

QY= WP+ [uP v dady,

V?“*f*‘/“ NAAYI(AL N (80)

whereqbbx has been set equal to%L? to calculate the intensity at ..

(79)

Again, the form of vsa is given by

V=26 expiK |Fa-T5))

= = (68)
|y - Tsl

where K = K+ Ez"',of(a,a)/k]and Jl\ is a unit vector in the direction of
the incident wave. The term lvsa|2<h¢f‘2> in equation (79) represents
the contribution to the intensity from all incident directions i.

To demonstrate that the correlation function and the specific
intensity constitute a Fourier transform pair, it will be assumed that
the Fourier relation exists and that the equation for the average
intensity (equation (76)) follows from this assumption. Consequently,

the correlation function takes the form (20:275)

24A )l// () = T = T@E)= [ I(F sex p(k &r‘;})(gi)(d

- ab - -—
where Tz 1/2 (Fa t y)  and 7‘; =Ya-Yp , and K_ is the real part of K
given in equation (68).

The intensity at a point r can now be written as

-98-
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Following equation (81) and operating on <h//5|2> with [v 8{2

(81)

equation for the scattered wave from a particle may be derived. First,

2

the operator |vs is calculated:

Iva,‘Z: a a..!- |f(A Ay)\z exp(lK(Pa.' sD CXP(—lK h'a. fsl)
’ | Fa-VFs| |72 -r5| (82)

-1 o
Using the relation 2 ImK =1 (K-K™) = P Uy (Im denotes "imaginary part

of") equation (82) becomes

[vd l = [£(33")° exp P ;:Cz (83)

. .-s

|Fa-7s 1)

|Ta-7s]

where G and 1 have been replaced by § and 5'. The equation ZImK=/D O4is

a result of the forward scattering theorem (19:14). Having obtained

’vsaF the quantity (lvsalz, W\2> may be evaluated to

give

h o aAr exp(-P0; ‘-:‘F;I S Ay
IV:\qu//SIZ) T[&*)‘f<5;5 )lZ xi%_?:"ia )I(Y;’S )(84)

Now using the equation for the phase function p('s\,'s\'):

p(8.37) =(¥1/0,) 1 £(33) (8

and the average intensity

Y

]

"'l



" * .‘;g N

VRS U@ = (/4m)| 1F $)dw (86)
i 47T

0

o the integral in equation (79) may be written as

o

‘-_‘ d)s CXP('pGHFd"_;Df AApy v 12 Ay r
i Jeregs Fer® ) g PEHITE SN

{ As for the first term in equation (79) it should be recognized that
4

K : . al2 .

K the coherent intensity yb > attenuates in just the same manner as the
'

)

24 reduced intensity incident on the scattering medium. Thus, the

@

following equation is finally obtained

,‘." : an _ 72 - X d, P "FD AA
g5 aw iR GREEEE R s o

which is identical to the equation for average intensity arrived at by
) the transport theory. Equation (87) was obtained by making the

o assumption expressed by equation (3) which relates to the correlation
i function to the specific intensity. Thus, equation (87) establishes
the result that the correlation function and the specific intensity

o are related by a Fourier transform.
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Appendix E: Plane Wave Illumination of a Plane-Parallel Medium

A critical question to ask is to what extent, if any, it is possible
to use image processing techniques to obtain or improve an image of a
breast cancer. As an approach to this question, the problem of plane
wave illumination of a medium bounded by parallel planes oriented
perpendicular to the direction of incident radiation will be considered.

The first step towards a solution to the problem of plane wave
incidence is to calculate the specific intensity using the transport
theory under what will be referred to as the small angle approximation.
In this approximation, a single scatterer is considered comparable to or
larger than the wavelength of illuminating radiation and so scatters
incident radiation in primarily the forward direction. This
approximation is in accordance, then, with the model presented in
Chapter 1.

Once the specific intensity has been calculated, the result of the
last section will be envoked in order to obtain the correlation function
and finally, the limit of image resolution.

Using the relation

dl &% 3>: g.grad I(¥, ) (88)

ds

the equation of transfer (transport equation) may be written as

&-grad I(53) = -po 1@ P [pB3INIF AW (s
4T 4t

s oo in the absence of a source inside the medium (19:235).

D e

‘k{ Nar . . A A AA A ‘

e In Cartesian coordinates r = xx + y? + 2z where x,y, and z are unit |
) i
W \
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vectors in the x,y, and z directions, respectively. The direction s
(the direction of scattered light) in terms of direction cosines (1,m,n)

is given by (19:234)

s =1% +m9+n%\ (90)
where .
1= sinfcos® o1)
m= sinfsin®?
(92)
and
n-= COSQ (93)

Also, the differential element dldm which is set equal to ds where

g‘—‘l?-&-m/y\ has the form

d3- dldm = cosfsin@dfd® = ndw (94)

Under the small angle approximation, the angle should always be

small and, therefore, n = cos 1. Further, although the limits of

integration on 1 and m should be l2 + m2 1, the contribution to the

2

specific intensity from regions where 12 +m~ 1 is small and,

therefore, the limits of integration on 1 and m can be extended to £00 :

o0 00
dw zfdlfd'm :fd‘é‘ (95)
471- 200 oo

It is also assumed that the phase function p(§,S') is a function of
A Ay
s -5'.

Using the above approximations the transport equation becomes

SE-I(T,/-j.§) + g‘vt-'[ ('z:ﬁj-g)

= -/%O;I@.ﬁ,'s‘)*%% [pce-a'mr, E)ds’ 96)




where

X Y e qe A
g;{-+g§t,salx+my

- A
r:xk-\-ys}’«l?) Vt

The quantity/On designates the number density of scatterers.

At z = 0 (the boundary of the medium) the specific intensity is

I(O,p,g) = Io », 5)

The general solution to

(97)
equation (96) was obtained by Ishimaru using
Fourier transform method. The detailed solution to this problem is

presented in Appendix J. The final solution for the specific intensity

is given by (19:238)

I (?, )g):'c-z%-r;)'é didqex P (’ife',s ‘ig 'q)Fo G;@*KZ)K (Z’R)q )

(98)
where

Kk d)= exp[- %qo{i-(i/zm)P(qi(Z-Z'))]dz’] (99)
where q z Kr ([Ji-pz) = Kr/Jd

The vector K is a spatial frequency and the Fourier transform of the

specific intensity with respect to D= xR + y§ is

F{1@ P} =Ti@x)=[1aB xR B)d5

(100)
where?f} indicates the Fourier transform operation. The inverse
Fourier transform of Il(z,K,s) is
1 [ 2
-l L3 A
Q@ I(Z,ﬁ)§) = (;7—”1 I(E,K,S)GXP('J-K'F)&K (101)

~00
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In addition, the Fourier transforms of the phase function p(s) and the

flux density are given by
[+ <)
P(q)=ffg(§)cxp(i§-Q)d§ (102)

and oo
F(zxq) =[fIZ(Z,K,5)CxP(i5"q)d§ (103)
- 00

(for the definition of Iz(z,fi§) see Appendix J).
Consider now the case of plane wave incidence on a tissue medium
bounded by parallel planes located at z = 0 and z = d. At the boundary

z = 0 the incident specific intensity can be written as
I,(3,5)=1,6(3 (104)

and the flux at z = 0 is (see Appendix J).

E,q) = (2m*1,8() (105)

To approximate forward scattering a Gaussian form for the phase

function may be assumed whereupon the phase function p(s) becomes
p(3)= mpwoexp(-apsz) (106)

where CYpis proportional to (D/}\)2 and D is the particle diameter and
is the wavelength of illuminating radiation.

If equation (105) and the Fourier transform of equation (106) are
substituted into equations (98) and (99) respectively, one gets for

K(z,Riq) and I(st;s) the following solutions:

Y-
K(2,K3) = exp{- f /?Ft[i - Woexp (qz/é.ap)]éz' (107)

-104-
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$

?d? The steps that lead to equations (107) and (108) may be found in

3 Appendices J and K. Appendix J presents the general solution of

4 equation (96) leading to equation (108). Appendix K describes the steps
A required to calculate the Fourier transform of the phase function to

arrive at equation (107).
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4 - Appendix F: The Correlation Function in the Small Angle Approximation:
t .';:.a;} Plane Wave Solution
Yl

4 The general solution for the specific intensity is:

(98)

) 2y =[] [ ddRexp (- M+ i SGEERIRKER )

(1YY where

" E,(K7) [[ (B, 3)expC-ikp+i3.3)dpd3 (109)

R@ERd) = exp[—-f@,q{ i- Fr@meanld] o)

§ P@ =ﬂ'{’(§)eit"°§d§ (111)

¢: For plane wave incidence, the specific intensity at t = 0 is

* I, (P,3)= 1,83 (112)

i and, therefore the flux density at z = O becomes

# ERY) = @MIHR) (113

{. To approximate forward scattering, the phase function is written in 1

0w Gaussian form: {

v P(s) = 4aqoexpC s?) ) |

where ap is proportional to (D/X)2 and Wy =0s/0t. By equation (111)

: P(q) becomes

% .

g o P@) = 4mWeexp(Y4a,) (111)
2 16
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s( The Fourier transform calculation to derive equation (111) from

J S

;$~ :iis equation (4) may be found in Appendix K.

d Substituting equations (112), (113), and (111) into equation (98) one
c';‘

. :-E gets

"’

Y 2 -

* e =21 [dk]|dG expK+P -15-q)z KKEX Q)

;’|. -0 00

vy‘Q

b - ._; q

" m 1 5(R)exp(ik-p)K (K q)é'j dd (s
™ (

K)

'é Evaluating equation (115) forfO= 0 yields

Y

B IedH-= —-—fK(Z d)e 'qciif (116)

"

: @ Since the correlation function and the specific intensity are Fourier
:’» transform pairs and equation (116) is an inverse Fourier transform, it
:f follows that

¢ —

) red-F {I@'S >} -

i { -15-§ d

B = F1[ Z [ KD 4]

N @)

o -1

D) = Io:fr.? {K(t@}

4

Kol

s

0o = LKE) (117)
0.

)

v

:' However, by equation (106),

R

by 1

~

N

Ol'|

oy -107-

A0 -
R MLL Mat) l.ruools + ! R OO0 )
SR e O RN, ' \ LS MU



) k= exp[- e [1- Frld]
RN

o Therefore, by equation (117) the correlation function becomes

I'zd)= I°exp{—pcrz[1—woexp(- Cf/f:ap)]} ©)

:.' where

['(z ,Pa) = F(z.q)l q= K4

= Wzp)Y ,0,)) (119)

Lt

S
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:',. ol Appendix G: Image Resolution Limit in a Random Medium
P A
'.\'“. "‘(
: . Consider a monochromatic plane wave normally incident upon a medium
n';'
:E::. consisting of randomly distributed scatterers with absorption cross
¢
:::.,' section O-_a_ and scattering cross section GE and optical thickness
(I
. ) T= Pn(US + O_a)'d where d is the physical thickness of the medium.
4 }.
s
Y
K (xyy")
] ) ' _ .
2 e
s 6,0 I T (x,y)
N !
. 6 0
ol PR I a Image
c:'::= lpl —-H—— ‘Oq o | & >
o
K 0 |
1558 0 ° l
o lo] 6
5ol 2 9 f —ed
e
. Ta
! . (., Figure 30. A monochromatic plane wave’,(/i propagating through a
:"' random distribution of scatterers (20:301)." The resultant scattered
iy wave is focused onto the x,y plane (Fourier transform plane). The lens
o has radius a and focal length f.
‘ 8]
‘,!3" The resultant scattered wave is focused by a lens of radius a and
:%: focal length f onto the x,y plane as shown in Figure 30. Since, in the
.': - absence of scattering, the lens would produce the Airy pattern in the
oy
x,y plane (representing the diffraction limit), the actual intensity
fve distribution that results from scattering can be compared with the
e
% * -
:_': iffraction limited case to get a sense of attainable resolution for an
S
s, arbitrary object.
‘? In the x',y' plane (the plane where the lens is located) the field
_: : U ' - 1A tA .
:.5: 151,[/(2,[)) ga x'"X + y'9). The field at the focal plane (x,y) can be
54 written in general terms using the Kirchoff formula (20:302):
'A‘ .ﬁ
N
,“:_:‘ o
A4 g
N -109-
@ ¢
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e
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S Vi(P) = fsexP(i}pw heondp (120)

where the integration is taken of the area S of the lens and r is the
545 distance between the point on the aperture (lens) and the point on the
focal plane (2:302).

Using the Fresnel approximations
K c1kr

k2 - ; (xX"-x)* +(y"-y)?
e € ~ (1/f) expik[f + T ]

X and

:“:‘: QY= - _21_} (X'Z+y12)

and substituting these approximations into equation (116) one obtains

: % 1) =(k/z7rﬁ)ex?(ikf + %}2) exp(i;—ﬁﬁ')w(zﬁ')dﬁ' (121)
S

! 27
) whereﬁ =xk+yyandD = x'X +y'P
o To get the intensity in the focal plane the quantityyégléx

e - [

2 must be calculated. This is done in the following manner:

& . { 2 s K2 .12
: oW )= K expliki+ H2) e (A We

o X (’7%'3)‘6"? {ks- %Q%xpé%‘%’w&'@')apz
, S

(122)

" Carrying out the indicated multiplication results in

L. -110-
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:ﬂb i ¥ - 1K == 20 A s > EY R PS

G W@l ffexﬂ $BQ-A WA )y (123)
S

L 1f, following Ishimaru (2:302), the identifications[jd' =ﬁ1' -ﬁz',

s ﬁc' =12 B.r +7.'), and 4 4D’ . = 4B 4D, are made, equation (123)
L+ d0'4d7' . = 49,97,

. may be written as

i ol o fee Ay INE.4 iy "~
S

‘-

-

-
-

1%

,*'l I'4 v r 4

x Note that the equation 375 D = dﬁ dﬁ is not, strictly speaking,
::t 3 1 '2

e mathematically true. However, under the integration indicated, the end
@

«: result is the same whether one uses cﬁl'qdz' or dpd'dpc' since all
‘o

E: points in the aperture are included in either case.
i:. A‘

i tm_. Using the result obtained in the last section for the correlation
1'.. !
E- function, namely that
ﬁ. ;
Y -t 29 « p
8 IR ERUZCHACT )
fa‘l.
D,

Y 2 'Z
,' = Ioexp{-T[i - WoeXp( %iapf )]} (125)

pN where 7‘=f—7nG;z, it can be seen that equation (124) takes the form

“Ba® M

e 2

o B(o) = <Jvm|>

i’ [} f

- K k

' 3 4 ¢ ’ r

o = B Ll lexo@E2 pp (2, rdo d (126)
0 @) f P e s fa %

;al S

»EE‘:!: The quantity Pf@) is called the point spread function, and in the case
'.‘ - of plane wave illumination, is the intensity in the focal plane as the
g

:E": - result of imaging a point source at a large distance from the scattering
L

Lo -111-
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medium., An evaluation of the point spread function provides information
as to how the scattering (random) medium 'breaks up" the forward
propagating plane wave into a myriad of phase fronts propagating in
various and constantly changing directions as the wave strikes particle
after particle in the medium. It can be seen from equation (126) that
the correlation function ]:-1 determines the behavior of the point spread
function and is, therefore, from a mathematical point of view, the
quantity representative of the scattering process.

To carry out the integration indicated in equation (126) it is

-
useful to define a function F(0) (20:302):
1 s Ipl <&

Yo = _ (127)
o) s P >3

Given equation (122), E}QD) becomes
z r == 7 =7 -, - 4
P :é&_ﬁ)zf fexr(%ppa)l“ =, PP FRIFR) J%d/é (128)
-co

- -— -— — —
Using the relation A4’ =f)1' -P," and Pet = 17240, +P2'), the

integration of FQS&')FQﬁ;') can be written as

00
K = fF(Pc'+f‘éi')F(/3;-£2§)aQ' (129)
- 00

The quantityf(QﬂG.) is the area of the intersection of two circles of
radius a and whose centers are seperated by/Dd.. The solution to

equation (129) can be obtained geometrically resulting in (20:303)

-112-




r2

)Y ( p& :] pd
y S ~ . '
i 2a°Jcos™ ( =) - S 4az)] 1Py <2a
ol K(pd) = K(/J@: {
P 0 Y22 (130)
e \
Z" Now equation (128) may be written as
b B @) =)
.
e ex ( P4 (2,00 K@) 47, (131)
P <2 2 &) «/ﬂ i ) 4T
A
:; Note that ) )
() PR = (xRry§)e [Ke-%)R + (Ye-Y2)¥]
¥
¢
: = X(%-%X2)+ Y(Yl-y;_) (132)
r: o
'-f Transforming equation (129) to polar coordinates by the relations
e
: x:pcos(ﬂ y= Psing
;2 13 COSQ %= Qsine
; X,= pZCOSG Y,= Bcost
e
L (133)
: f
! dpaa/p = f df)dae
'p and substituting equation (133) into equation (132) one obtains after
:: algebraic manipulation:
0.
Wy

4
3 B = Paeos @] w2
Then equation (131) becomes

IR ‘ﬁgi
s .\
9:':. . ;

b -113-
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i 3 B( )"(}_—'g)/[p dord9 CKP(i-—p cosG-PI G, POK®@)) (135)

; Upon interchanging the order of integration one gets

Q] 2a( 2T

S 1k A" - 30 1e ANVAT 2
) IAGE (z 2 1) f f exp[ ¥ PPy cos @- ) 1d8 Iz 2 K025 dos
5

And using the identity

B

LS

. J' @)= = exP[: Jacos(9 90)]&9

o ol

P (p) can be written as

P>

3 Bo) - f camg 3,5 AT 2,3 KB

)
' Y
{ ﬁ‘ and, therefore,
I
- Koo (e, 0K
2 P(p)= Jo ( z,01K
Ky
\ where (z,/Jd.) is given in equation (125) and Kf)d') is given in equation
§
L (130).
q
. Equation (7) (the point spread function) gives the intensity in
'., the focal plane. Note that, in the case of no scattering,
A
! /A in =f)nOlz is zero and ]._‘(z,/)d.) (equation (125)) becomes equal
4
e to I,. Therefore, in the absence of scattering, from equation (126) the
K
: intensity in the focal plane is (20:302)
K
!— ngh‘ 4k2 2
- ':‘1'-‘ la(p) e [ J’ ( ]
- - 2 2
i ams 4) o' gh )/.) (136)
) -114-
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Letting r' = Eﬁrf one obtains cy) -dr and equation (136) becomes

,_ (K/f)pa
P )= Xlig r f nf
a (Ur{)Z[Z’T f T ()L dv'7?
<«/£)/Ja
e, (2m)? (f/k)zj ANCHLPY

0

e ”f)

Then using the relation

IEJ;(E) af = xJ4()

one obtains

ZL (52_)]

- Io(az/p?‘) J’f( 15%3) (137)

Equation (137) is the Airy pattern created by a lens of radius a and
focal length f.

Equation (7) is the major result of this section and will
constitute the basis for the following analysis of the limit of
resolution one can expect from an imaging system in the presence of a
scattering medium.

To arrive at a useful interpretation of equation (7), it is
convenient to consider the case of large optical thickness (7 >> 1)

corresponding to a situation in which there is strong scattering (large

Cg) and/or a large physical thickness. In this case, the correlation

function Iﬂtakes the form

2
F(i’ a) ~~ IOeXP (’T) l:i“ Wot WO(q /4&9)] (138)
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where the approximation

exp(-9%/4)= 1- (Tly)

has been used.
To equation (138) may be added Ioexp(4T7 since, if T is large, this
additional term can contribute only a small amount to the value for:rt

If these approximations are made, equation (125) becomes

['(e,q")= Toexptn+I1exp {(—T) [1-WotW, (Q'z/éaf)} (139)

WitklIﬂexpressed in this form, it becomes clear that the first term
(IOexp(JT)) represents a coherent component of the correlation function
propagating through a medium in accordance with the Lambert-Beer law.
The second term, then, represents an incoherent component ofljandicating
the presence of scattering. By equation (139), then, it has become
possible to seperate Iﬁinto coherent and incoherent parts (20:304).
Given the form of Iﬂin equation (139) and considering equation (137)
(the Airy pattern under no scattering) it can be seen that equation
(7) has a solution for large T which is the sum of coherent and
incoherent components.
Accordingly, replacing I, with Ioexp(ir) in equation (137) one gets
the coherently propagating portion of PfQO):

PCQD)E coherent component of the intensity

= Iocxp(—‘T) ('3-//-732 le (%'a> (9)

The incoherent part of the intensity is unchanged from its form in
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l.
*
«,::
)
3 equation (7) (in accordance with the approximation indicated in
\: }:.:-'_.‘ equation (139), and therefore
) .
‘.\ A )

PiVJ)‘:'—. incoherent component of the intensity

! - 1(2 ' ' r

'..' ‘n-2];3d dpd' Jo(%pa' )I:_ (Z,Pa )K(pa ) (140)
y

[y where

::

i LepH= Ioc"P{‘T[ 1- WotW, @i’z:\} (141)

he, and q' = Krpd.. Using equations (9) and (140), the intensity in the

focal plane can be written as

! Br(0) = (o) +Bipd ®)

~..p At this point it is convenient to define the correlation distance- a
::g concept which will be employed later to recast equation (140) into a

j form which lends itself to gaining a clearer understanding of

:; limitations on resolution.

EE: The correlation distance /JO is the distance from the axis of

:::.: illumination at which the correlation function fall to el of its value
' at pd = 0.

i . . : T :

:.!. The incoherent portion of the correlation function i (equation 139)
'." atPd = 0 is

[ie,np= Ioexlo{-T(i—Wo)} (142)

Taking e-1 ofn one obtains

o ﬂ}‘v K_'z_pz

g S [Teexperia-wale™ = TexpETA-WeWo 78] (149)
: £
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2 where/gd has been set equal to/QO. After eliminating the factor
Y

) N

:: J:Eij Ioexp[JT(l - WO)] from both sides of equation (143) one arrives at the
!

results (20:304)

A
!

v 0 TWOKT

i

W

‘i It may be assumed that, due to intense scattering (large7), the

')

f“ correlation distance in the case of transillumination is much smaller

‘ that the size of the aperture. Under these circumstances , K@d") in
2 equation (140) may be set equal to K(0) =Tra? and equation (140) may be
T:‘ integrated from O to0o. Consequently, (20:304)

o,

o

<

(145)

?? () = g o T PG et

i This equation may be solved using the integral formula
L’
3 f:r (@DexpCe Dt dt = exp(-25)
e (2 b)V+1
4 to get

: Py(o> = & (/) g/ ok Hlexp (- 2 ‘f’*"z)l XPLTUWo)]

Then defining the quantity (20:304)

" = (Brdy <k (/%Y 4ln)

~.;'A.' 1@

o P I
e

5
Lol

%
vy )

one obtains

Sl
« € o g

q‘q‘ .;

>

<

N
5

B (0) = I,(3/p;) exp -7 (1-We)7/5)°] (10)
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Using equations (9) and (10) it is possible to gain a clearer

understanding of the imaging process in the presence of scatterers.

J: Equation (9) indicates that the coherent portion of the intensity
propagates with the same pattern as in free space except for the
Lambert-Beer type of attenuation. According to equation (10), on the
other hand, the incoherent intensity spreads out in the focal plane.
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Appendix H: Phase Retrieval

e .
LA
g
PL

£y
»°a
b

The phase retrieval problem is, in general terms, concerned with the
question of how spectral information may be derived from a knowledge of
only spectral magnitude (or intensity) information. The importance of
phase in imaging is well attested. From a complete knowledge of the
Fourier transform (including both magnitude and phase) it is possible to
determine by inverse Fourier transformation the image of an object.

. This fundamental capability is guaranteed by the uniqueness of the

P relation that exists between a function f(x) and its Fourier transform
. EKE). However, if it is the case that only the magnitude of the

¢ Fourier transform is known, it is not possible, in general, to infer
uniquely the characteristics of an object f(x) as any number of objects
can have the same Fourier magnitude. The distinguishing feature among
X .

! ﬁl._' these objects in the spectral domain lies in the phase of the Fourier

transform.

P ol it b

In recent years some important advances have been made regarding the

“ problem of reconstructing an image from only the knowledge of the

Fourier magnitude. These methods employ phase retrieval algorithms when

f W WY Say By A

theoretical foundation is based on the fact that the real and imaginary

parts of an analytic signal are Hilbert transform pairs (16).However, it

is not the purpose of this research to explore the theory of phase
retrieval as such. The interest here is to employ the scattering
theory of Chapter II to analyze the efficacy of phase retrieval as it

might be applied to the problem of image reconstruction in

transillumination.
— For the purposes of analysis, the phase retrieval problem to be
WA
a

considered is characterized as the problem of reconstructing an image
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a0
‘ i
e
=
LN
_ﬁ from a single intensity measurement in the Fourier transform
N : , : ,
AN (diffraction) plane and an estimate (based on theory) of the point
4" w
’ spread function of an imaging system in the presence of a scattering
';'l
> medium. The particuclar phase retrieval algorithm that would be
I
{5 exercised on this is assumed to be of the error-reduction type such as
L'
v ) the Gerchberg-Saxton algorithm. The error reduction method was choserti
N
’I
::. for analysis because it has the property that the error in the
AR
o reconstruction can only decrease (or stay the same) at each iteration
R AN
X (14:197). In symbolic form, this property of the error-reduction
W
Ve algorithm may be written as
4
4 EZ B2 ¢ E (146)
el Fk ok
o
M where Er « and EO k2 are the errors in the Fourier modulus and object
o !
E: at the kth iteration, respectively.
s

From the form of the equation (146), one can see that if the minimum

’A‘ft“’,x
.
L J=

5 error in the Fourier modulus can be calculated, and if at the kth
br >,
T . . 2 - 2 _ 2
!it' iteration EF,k is equal to the minimum err;r, then EFék+1 = EF,k .
o . ) _ . _
5 Therefore, it would follow that EO k EF,k when EF,k is the minimum
) possible value of the Fourier modulus error. In this manner, then, one
¢ ‘J‘,‘
X :: arrives at the least amount of error that can be expected in the
-,
VN reconstructed image.
o Calculation of the Minimum Error in Image Reconstruction by
ﬁt Phase Retrieval as Applied to Transillumination.
8
7 M: The following calculation is based on the relationship that exists
\
»
0. between the intensity and point spread function (as measured in the
S
. diffraction plane) to the Fourier modulus of the object. This
Pd
e I
‘if relationship can be expressed as
Vin
3 .
Lo
§ :.’ - (1&7)
-~
W0
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", !

:f_’.:. where |F(f) , ’I(f) , and |M(f)| represent the magnitude of the Fourier
‘, ":d' transforms of the object intensity, image intensity, and point spread
, function, respectively. The quantity lM(f) is called the modulation
fﬁ': transfer function (MTF). The frequency f is measured in cycles per unit
length.

.'."; The phase retrieval method consists of making an estimate of the
3::\ Fourier modulus of the object by taking an intensity measurement in the

‘

:'::.:-3: diffraction (Fourier transform) plane and dividing this quantity by a
'\‘, measurement (or estimate based on a theoretical model) of the MIF.

;:,. This estimate of the Fourier modulus of the object is then inserted
“;:.:: into the error-reduction algorithm where object domain and Fourier

.*_ domain constraints are applied to arrive at a new estimate of the

E object. The steps involved in the algorithms as described by Fienup
.: . are
’ ':.‘ "(1) Fourier transform an estimate the object; (2) replace the

15 modulus of the resulting computed Fourier transform with the
J measured Fourier modulus to form an estimate of the Fourier

;. transform; (3) inverse Fourier transform the estimate of the

Fourier transform; and (4) replace the modulus of the resulting
computed image with the measured modulus to form a new estimate
of the object.' (14:194)

\.):,';‘_

W
:.ES For further discussion of the steps of the algorithm and a description
:;15 of the function (object) and Fourier constraints on the problem the
vz reader is referred to Fienup (14:217).

?;‘:i It can be seen that, in the case of transillumination, the measured

,'}E*E value of the Fourier modulus of the object would be corrupted by noise
t': generated by the scattering process. The noise in the Fourier modulus

O

lf’\(f) ultimately limits the efficacy of the phase retrieval method

"::': (14). Mathematically. this noise is expressed in the point spread

:::.:. g“ function or its Fourier transform, the MIF. In practice, the MIF could

';:?:E::: * be obtained by taking a measurement on a reference point source through

:E:E: » 122
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A

the scattering medium. Altermatively, the MIF could be derived from a
calculated point spread function. (14:217).

Since the point spread function for a plane-parallel medium has already
been obtained in Chapter II, the MIF can now be calculated and
substituted into equation (147) to find the value of lF(f),which would
be used in phase retrieval as the measured Fourier modulus.

Calculation of the MIF.

The reader will recall from Chapter Il that the point spread

function P(D) may be written as

P (o) = B,0) ¢ By (0) (148)

where PCQO) is the coherent (average) intensity and PiQQ)is the
incoherent (fluctuating) intensity.

From equation (148) one obtains
Pa) = oo + B f)
= M ()
= M (£) + M3 (F) (149)

Equation (149) is the Fourier transform of P(J) and M(f) is the optical
transfer function. The quantity Mc(f) represents what will be called the
coherent portion of the transform and Mi(f) the incoherent portion.

At the outset, the non-normalized incoherent Mi'(f) and
non-normalized coherent Mc'(f) will be calculated. Following these
calculations, the normalization factor will be obtained to arrive at the
normalized MIF.

First, Mi(f) is the Fourier transform of the incoherent portion of

PQQ):

o0
Mi(_ﬁ =/Pi(€)CXQ(im£'5 )dfj (150)
0
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N where

1, ‘o
' RS

g R =T, (/R exp[-TA-W,)- (P/@)ZJ (151)
mi and 2MF = (k/fO)[)d (fO = focal length of lens in Figure 29).
v Let ﬁd :Pa (cosw'9+siv\<p'§l),
N 7 = p(cospi - sing )
D then,
BB = 0By (cospeos + singping) = ppycos (')
;" and
% dp = pdpde
%: Therefore, from equations (150) and (151):
;’. 00
5 . ’
; Mi( ) :[2 ]:ﬂ ( wp[l%fpacos@—@] papdy sy
D0 ,
- ‘f‘A ©Q 27
3 =/ { [ex#08 kg cos - @1 B360) pdp}
e olre
f) 0o
; - [ 2, ($0p,) Bi¢orpdp
% o ’
3 = 27TIO<3//%)26><P[—T(1—WO)] (153)
-. k 2
_. XJ/’L(—;OPPd)exp[- (p/ﬂi) _]dp
~ Now using the formula
L
":. % 2.2 bV z z
4 [exp &8 @+ D]T, B0 = ——S— exp( H4a)
r (Rev>-1,Re @®>0)

=124~




equation (153) becomes

M{(%) = WIDaZexP(-T(i—wo)]exf,[((k/fZ)/ﬁ/—’ﬂz]

(154)
Now to calculate MC' @d) (the prime indicated denotes
non-normalized). First, recall that
212
P.p) = T expCry@/py Iy (koa/f,) (155)

and let b= ka/fo, then

Mé(ﬁa) = IoexP(-T)a?‘[ %ez Jf(bfj)expﬁ(‘%)ﬁ-éi]dﬁ (156)

Following steps similar to those that led to equation (152) one obtains
27 oo

Mc'(pa) =I.e djf —;'33_3' 1 (b )exf[ik/fop%cos(so'—go),odpdgp
Interchanging orders of :ntegration results in
(P = Texpe ) a7moKk/¥o)Pa (/)72 Cop) dp
Now using the formula
© V
f;‘(atﬂ;\(bt)dt: b (U +V£>\ +1)
ZXaV-—)\Je 1P(V MK —V2+)\+1)

A+l , Y-{-A+1 a
xzpl(ll+vz>\+ 5 X /12 ;V+1;:g?_)

Dze(luHJ—)\’fi))O;'Re>\>-1)0$‘o$a] (157)
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Setting a = b, [L=V =1, M_(7d) can be written as
Mc(o) = 2l experyal J, (B2 £2n9)

xzt{‘i% T 2F4 (ci4;852)

= 2l exp¢THa 2J [(K/Fo)paﬂ

y A T'e Tce-c-8)
212 Te-ol'e-4d)

= 2MLexpe)a Jo[(Ka /e, )2y

x 1 Telw
2@ '@

and, therefore,
M. (0 P =TI exp ~na jo[(ka/ £0)] (158)

Finally, combining equations (154) and (158) and noting equation (149):

W) = LeexpC AT, (%‘; 4)

2
1 2 exp[-TA-W,)ex 4Ps"s)
(159)

Equation (159) is the desired result for the non-normalized MIF. The
first term on the right side of equation (159) represents the coherent

(average) part of the MIF and the second term represents the incoherent
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(fluctuating) part.

~j-j3 To get the normalized MIF, it is necessary -~ calculate the Fourier

z

transform of the point spread function at zero frequency:

Normalizing Factor:= f?go Ydp

=j’Pc03)+?i(0) dp (160)

First,

ﬁ’xcmrlp T, (p) exp[-T(1-Wo)] exP(p/p) dp

&
= I,(& Y exp T (1-Wal] (/2)03 (MY

(161)

Equation (161) is the incoherent portion of the normalization factor.

“-‘
® Now set

,/’Pc('m(}?D ) I°EXPGT)&?_ f 72( 3‘]/) (162)

o

Using equation (157) and letting c = ka/fy:

/ Rmdp = Texp-1)d [4;(5 )(11{3:3/2)]

X ZFl(i[Z; —112.3 2;l>

(o]

_ a2, T2) Ty T
Ioexf( Tac 4T@cR ')
= Loexp -T)a*C (1/2)-3%—
r{'{ = IOEX'E?G-T)a,ZC‘.i_

3m
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Therefore,

ka 4
A f’l’c(mdp Lexpema® &

Fell'd
)

and

% 1& '
o f Povdo=Texptna Fagt+l,o— 25 8 exf[T(i Wo)]

i (163)

o Now dividing Mc'(/)d) + Mi'(pd) by the normalizing factor one gets for

" . .
, the optical transfer function (% ap )

o M@ =ma I, (£ TPL) + T expTWolexp) -

3kt . m™ 2
‘ a T, 3T 20 a ex'P(’CWo)
(164)

" - and the MIF = JM()CI)] .

| e

::§ From equation (147):

[?m&>l= 1ol @)

lM(Dﬂ - [Mc(/zl)*'mi(pa)l

- S
L

(165)

A5 AN

Equation (165) may be rewritten as

M K N
-_";"{, . ,"‘Il‘"(.'

X
=
o
oS
~

.'.l
S )

PRl
rxi
oS

[

+
"';"Lz_
O lge
oSS

~

'vl‘ .
RN [ 108

'I

(166)

ACRINONO

L3 - g
Py \:': ] s .
gl el

’ ‘l
. a %NS

-
[]

.
a l‘l
w0
v Ill

It is clear that ‘I(Dd)i/[MC(Od)l is the correct Fourier transform of

the object. Denoting by lF(pd)\ the exact modulus of Fourier transform

=
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o~

of the object, equation (166) becomes

le@y]

- BNE

"y 1+ lAAiQDA)f
o [Me(0)
:s. 4 (167)
o -
o
:,) Subtracting !F«zd)l from both sides of equation (167) and squaring and
RGN dividing the result by 'FOEh)lz yields

N

:"‘t A 2 2
:“ IF(/)a)"P @) \ _ 1 -1

3 2 -
Rt w, FOD\ .
R [F@ { o+ IMOY|

Q’n'!

‘L where the left side of the equation is the definition which the

L; error-reduction algorithm gives the error in the Fourier modulus

1: estimate. Therefore,

——
s
Q.
[

R

: -,'E EZ = t [ -1
b8 (AA'QD)

b 1+ —1¥g¢’

Q [MC@d‘)l (168)

LA

Now if one can find the minimum value of MiQCh) / MCOCH) , then

substituting that minimum value into equation (168) will yield the

i s
ﬁﬂd"'i‘ b,

minimum error that can be expected in the estimate of the Fourier

T
b
-.n

modulus.

. Tt
L)
L

Sy
A®

The ratio IMi(Od) / Mcﬁd)l is

. -

Y ﬂ‘-"* -.‘ .l'

[(k/¥JY2;/75?]
lMi(d)‘ _ exp(TWolerp |~ 4

- | Mc( d)l ) To[i/’a]

4,

R
L

(169)

1 L]
b

E XIS
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e
‘;;’ This equation has many relative minima. In fact, the absolute minimum of
A
R equation (169) occurs atPd =, at/ld =00, equation (169) implies that

, !
3'-'" * the error in the estimate of the Fourier modulus is zero (by equation
- (168)). However, there is a practical limmit on the magnitude of P4
A

': since pd has a cutoff value of 2a (the diameter of the aperture).
&
:" Without further argumentation, therefore, it is difficult to assess the
ﬁ implications of equation (169).

)

u': Consider, however, the following argument which will show that, for
)
WM
St very large T, the only way to obtain a mathematically defined estimate
;"; of the Fourier modulus is to evaluate/2d at approximately its zero
N
::" value.
o"'
)
Y i .

First, evaluate MC(/Dd) + Mi(f)d).
:‘;f

.:_.

‘_I

e (% Jo) JJ.)Z

o
A . l
a0 ma'y, (% % ) Ha” exp (TWo)exp —e=
YO M U))*M'(pd) =

.- c¢vVd 1 3 k * (Tﬂ”
b2 { + Sr— a’® exp(TWo)

Ce
P
@,
A

- - > -

For largeT (and any value of 7d), this expression becomes

(%pd
(Twokx 1
MC(\DdHMi(Dd\Q’/ N\i(/)d) = ma exp £ (170)

-:r.d .

S

2o

y 1/2 o
T
Ry m & exf(’TWo)
> 2
o 1
-.. .I
o
h S ,‘a "
ol
s
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b 2
¥ K.
. M @ 3+N\1(0d) = 2(7” /3 ex'g{ (E0a)

s
o (171)
b
Lo
.
l Recalling that
< 5
: f TW,
% = (Brit) (F2)
' (170)
L equation (170) becomes 2 2 Z

¢ 2
i - R gl RO
2 Miﬁ@ =2  exP o
; 1/2 PiT W Kot
b = 2(T) pjexp a_ T (172)
e 1 4o
b,
.. Now using the same values for T, Wy kr and ap that were used in Chapter
s 11:

. 12

. 2

3 Mooy = 2052, exp | PAGI56T 110 )y

3 13 i (4)(130.4) (173)
@
"
ﬁg It can be seen that for any value of ﬁh (0 < ﬁh < 2a) other than zero,
¢
)l
as equation (173) is virtually zero due to the exponential factor.

SN Consequently, by equations (170) and (171) the Fourier modulus estimate
L. a:;f...

:; 7 becomes undefined. Therefore, to get a meaningful Fourier modulus
'-.
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estimate, ﬁh must be evaluated at virtually its zero value.

Substituting ﬁh = 0 into equation (164) one gets
IMI(O)IAMC(O)l = CXP (TWD) (174)

Now substituting equation (168) the result is

2
EF (175)

= | 1/(1+ exptrwod-1[*

For large T and WO: 1, E.F2 = 1, or in other words, the error in Fourier
modulus estimate is virtually 100 percent.

Equation (175) expresses the minimum error one can expect in the
estimate of the Fourier modulus. Therefore, by the unequality relation

2
EE‘k1 ok‘E

characteristic of the error-reduction algorithm,

E2=E>=|1/(1+expWoy- 1| (176)

for largeT. Consequently, it can be concluded that the error in the

U
k) )
reconstructed image is, for all intents and purposes, 100 percent and

: that the phase of the object cannot be retrieved.
K>

[
.
[

(
)
3 e::%
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Appendix I: The Scattering Cross Section

The scattering cross section O’S may be defined in terms of the
differential scattering cross section O-d where

0y (8,1) = 1im [(R*S)/S4]

R+
= [ge D’
= (G, /4m)p(5,1) (177)
R is the distance from the scatterer to the point of observation, Si and
SS are the magnitude of the incident and scattering power flux density
vectors, Ut is the total scattering cross section (O-S +O'a) and p(ﬁ,’i\)
is the phase function.
The total observed scattered power at all angles is produced by a
particle with scattering cross section O‘S:
Os= |Gydw
47T
:/lf(a,?\lzafu

4T
= ( O—c/é»rr)/r‘}?(é, 1) dw
4T

where dis the differential solid angle.

(178)

The albedo Wy of a particle is

4T (179)
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Appendix J: Solution to the Transport Equation Using the

Large Particle Approximation (19:236)

As shown in Chapter II, if the size of scatterers is much greater
than a wavelength, it is possible to simplify the equation of transfer
(transport equation) using the small angle approximation (see Chapter

II, page ). One then obtains

9 1(232)+ 3V1G:j3)
az (,p) ) ¢ 117}

= -DGIC? /3)5)" n "ff'p(" IHIE, P;g’)ds (180)

where r = xX + yy + 22 =/D + zz, g;x + --y,
= 1% + mf (19:236).
A general solution of equation (180) may be obtained by a Fourier
transform method. Denote by I1 the Fourier transform of I with respect
toZ$(19:236):

00
L(e£9)= [165DexplRMd5  um

-

R | oo - -...s._\ >
165,9) = g f IR DexpCik- P
200

Now the Fourier transform of equation (180) may be obtained. First,
note that

j{élzl(zﬁ, §)} = gzy{I ('z.’ﬁ,g‘)}

_a_ll(z/’('§) (183)
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&63 which is the Fourier transform of the first term on the left side of
.;%; i§§§ equation (180) (19:236).

:‘. To get the Fourier transform of the second term note that

p: 8% 1C, ,9)- (%16 §)9+§Lz(z, 23]

k& } iKep

) ey { [ a‘}

N JRE
& 2. 1 P
“ 38 {@mﬁ 4

o (184)

<>

$
L) -
ety Now,

and

F)
N\
>
X
+
<
g
I
Pal
A
<L
x
\CR

and, therefore,

) . _iKeD,.
: §-Vt1(t,f5/3)=-1$-———~ fl'd‘ X e dk

2Ty

3 (s o)

‘ . _iK.D

o _3s. 4 I, JJet dx
WX e 15 ‘271_ )2[ 1 yy A

v«J 00 ¢ > =

»oh . -'lK'p

e = -18.(K ?wﬁ) 4 zz Ie clx
oo

-:' _IKop

<2'ﬂ') f—l§ KI (TK S) AK(IBS)
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But equation (184) expresses the Fourier transform relation:
I{S'Vt I(t'ﬁ’—g)} = 13K (2K, 3) (186)
which yields, then, the Fourier transform of the second term on the left
side of equation (180).
The Fourier transform of the first term on the right side of

equation (B-1) is straightforward:
) = - I, (X3
?{—PnUtl(i,P,g} = pnat 1(8X,3) (187)
The Fourier transform of the second term on the right side of

equation (180) is

F p;‘;‘f p(3-8"HI(z ,3)ds’

-0

i %?[ f PE-DLEK HI O

Collecting equations (183), (186), (187), and (188) one obtains

q

oo
[ 5 (A30R 01, (2R,3) - /JnGt/ f PE-3DLEK DI (4,
<00

It is convenient to simplify the first term of equation (189) by

letting (19:237)

Il(z‘;,?) '5') = Iz_ Cz)k‘ )§>exf{(i§.i—ﬂngt) z‘} (190)
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Eﬁ then equation (189) becomes
v 7 :
o gglz(z 3) - o0 ] fp(s s*')exP{ 1 (% S’)Z}I (2K, 3)d3’
R (191)
k. =0
{é Now using the relatlons
o P =[ [p(Dexpds-das (192)
‘: - B > ca 2 =
1 Fek ,Q) = fIl (zjf,s)exf(ls"i_)ds (193)
! -00
f. the Fourier transform of the convolution integral in equation (191) is
:E taken. First, let r = s - s' and dr = ds then,
K: j{p(s §')
‘ - -
- /3\0_1: ffP<r)cxg(—1K Frexpli(¥ +3h.q147
~: . _1@-1‘1-1‘7‘.(1 §
§ @ f[f,{r) ar
:: (194)
J . - = [N

if.(3- K2) i3-3 .
3 f[ e @ >e 14+
[\ Substituting equatlon (194) into equatlon (191) y1elds

[/{f/ #)e #(4-Ke )Ar} 1,eR3 3d‘s"

- [[e (-'_f rer e dast,
P(q- K\%)F (EIK) q>

.
ﬁ (by equations (192) and (193)).
q The Fourier transform of the first term in equation (191) is

o straightforward

i34 .
;}; {a——I (z, ,5) aZ/ (Z §)C c\s
w2 >
= 3q F(z qu) (19)
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- Then, one obtains from equations (195) and (196):

- )
N S
.'h A

' N ;v -K =

’ SECRD B p@-RopEAd) =0 .

3

o Equation (197) is exact and may be solved using the integration factor
n‘ Z

' exp UB?&z } +BPexp Bsz‘}E‘ =0 (198)

).' o

‘&

‘&

2

o where B= %(TZ(E ,?=P(§-KE)IF = F (2,K; ‘1)-

.; Therefore, 7

b » A a 7 F -

o & o

. y or Z

“ f

exp[|BPd2"]F=C (199)
S (o]

‘::I:: where C is a constant of integration. Setting z = O the constant c may

be evaluated:

z
s {exf[f BP(§-K2")de' F(z K,§

7
: ﬁ then
‘;) C: F(OIK'q)
¢
< From equation (199) one then obtains

s exp[[Bsz']F(z,f,q) =F@©X,4)
o % or °
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I 3
b F@Rd): FOX ] )EXP[ f P(4-k2")de' 20
i (o]
l: The final solution I(z%ﬁ{?) for the small angle approximation may now be
; derived. First,
; I@,n,s )— L fli(z R $)exp(-iK-p)dK
{ oo
": :(—2—7?52 /Il(z,/c,§)ex]3{<1§-k’ —/Dno__t)Z}
§ - X exf(-ik'-ﬁ)cli (201)
. . : «3 .
v inc I 2,K,8)= —, F(z K, qde
since I, ( @ F (2K, dq
\ 6" equation (201) becomes oo i
L ¢ _ 1 - > > » o > {
& Izp,3)= oyt -foodKexf{-:LK.p-r (15K -R0)2
» xfaqe"f<'i§'q)F(2'K'q) (202)
;E Now using equation (200) and changing the variable g' = 5-—E2 and then
'~" removing the prime (q -> gt +Kz)
I(2f,3) = AR exp{iK-P + (13:K-R0y
| o[ e =}
. - z
E. o . " POt
i ddexpiS-F( ,DexPl-[ 7 P@G- &)de’]
L oo
: (27T)4 [ dx cxf (:u<-p)cxf d3xz) exf( R )2
Py A [dqwf E-IS-HREIFo(Kﬁ*r"*)
' X exp[- /’th PQ+ 2- 2 )cla']
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Then, simplifying termax}(zds,s) becomes 00
i 5,8 = 4 23 re.21 (A2 F (R 347
2 Izp,3) (zﬂ)ifdﬁexap{:\!([) 1S q} ::ifgCK,q+KZ)
200 <

2
xe"‘f’[“lﬂ»pt[i_ ‘%;rl’<§+ K)(z- 2"\’ ] 0¥

Equation (203) is Ishimaru's solution for I(zJS,s) (19:238).
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:::‘ Appendix K: Calculation of the Fourier Transform of the
.::: P Gaussian Phase Function
¢

The phase function describing the angular distribution of scattered

‘o radiation can be written as

‘::

ot 2

: (3D = 40, WoexpOp3T) (204)
s

N

:::. To find the Fourier transfor. P(ﬁ) of p(3) the following formula is
:t used:

' ‘P(q) = ff(%)exP(iS-c'i)d§

= AW EXp, SHexp(i3-3)d3

3 f fé pWNeEXPE S Iexp(is-q) 205)
b . -0

4 ' Letting

ol Qe .

;" S s 1n9(cos<px +51‘n£.0j)

B q= q(cosgéx-r-s:.ngdy)

. then, ) . _ .
:“'f 'S".q = qsih@c@'&ﬂCOS@'—b q_blﬂe Sln(pSIh(p

B = q_sin@ [cos(Pcosgﬂ'-l- 52.1-‘”‘105':”"90']

[

K = qsin B [cos (p-¢']

.. ‘ (206)

Substituting into equation (205):

? P@) = f f ngfwoexf (-aPsz)exf{iq_siﬂ Glcos (- 4,0')]} ds

3 ‘[{m’fw exp (- s")e)qg (:ulsmé’ cos (p-¢) oo
Xe “"‘ X 3,059 srﬂg 35&@
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Rearranging, and changing order of integration gives
" o™ . 2 277 ' .
Ry P(Ej_) = f&qfwoex?(—af sin 9){] exP[iclsiﬂOws(w-cp )]&;}
X cos Bsinfdo
fiaPW 2l (qsind)exp(- A sin?0)
x cosfsinfdf

m
= 47\, f Js (@sinf)expe afsmzﬁ)zaf (208)

f<inf df
sirce (3] = sin, x cosfsin

P@) = 4mWo f]’ (qs) exp o s¥) 2_0/ scis

= 41w, (20p) /o J.@@sdexpays?sds

fo3

= éﬂWO(ZQP3,£IO(QS)CX@ {-[(af) 112]252}533 (209)

Now use the formula (1)

f%(at)cxf( -p t")tV+1 d+t
V

to get )V+1 XP< )
P(q) = 4mWo (20%p): F - exp (— ko)
= 4mW, exp (-2 fhorp)

(210)

which is the desired result.

27
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therefore, the phase of an object (tumor) cannot be retrieved by this
method.

A Monte Carlo simulation employing time gating and spatial filtering
(TGSF) was presented showing that, in some cases, an improvement in
image contrast of 77 percent is theoretically possible when
transilluminating a dilute blood medium containing a blood vessel. A
calculation of total transmittance obtained by Monte Carlo simulation on
one hand and by multiple scattering and radiation transport theory on
the other, indicated an essential agreement of the results for tissue
thicknesses less than 60mm.

A method of tying the results of Monte Carlo simulation to those of
multiple scattering and radiation transport is presented. An effective
optical thickness reduced by TGSF is defined and a method is described égi

to determine if the reduced effective thickness allows for reasonable
images to be obtained. -/
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